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Abstract. Compact Riemann surfaces and their abelian functions are instrumental to 
solve integrable equations; more recently the representation theory of the Monster and 
related modular form have pointed to the relevance of r-functions, which are in turn 
connected with a specific type of abelian function, the (Kleinian) tr-function. This paper 
proposes a construction of tr-functions based on the nature of the Weierstrass semigroup 
at one point of the Riemann surface as a generalization of the construction of plane 
affine models of the Riemann surface. Because our definition is algebraic, we are able 
to consider the properties of the cr-functions including their Jacobi inversion formulae, 
and to give an observation of their properties to those of a Norton basis for replicable 
functions, in turn relevant to the Monstrous Moonshine. 

1. Introduction 

We work over the complex field k = C, with compact Riemann surfaces, and simply 
refer to them as "curves", although in some instances we allow for singular points. We 
propose a generalization of the a-function for (n, s) curves, which was developed recently, 
based on Klein's and Baker's theories [F31J ; we parallel constructions given in Mumford's 
Tata lectures on theta II [Mum] . namely algebraic expressions for abelian functions, based 
on nineteenth-century work; by the use of specific abelian variables and the introduction of 
a generalized Weierstrass p-function, defined for hyperelliptic curves [Mum} Ilia. Section 
10], Mumford expresses the transcendental function theory on the Jacobian in terms 
of meromorphic functions on the curve; applications are given to integrable dynamical 
systems. 

1.1. The a-function. We say that a pointed algebraic curve is of W-type (ni,...,n s ) 
(ni < ri2 < ... < rig) if its Weierstrass semigroup at the point has minimal set of gen- 
erators {ni, n s }. The Kleinian a-function (cf. [Bll [B2\ |K | IWj). originally devised for 
hyperelliptic curves, which have W-type (2, 2g + 1), is closely related to Mumford's p. 
Baker showed in essence that a satisfies the KdV hierarchy and KP equation (as they be- 
came known in the 1970s). He introduced a bilinear equation, which was newly proposed 
in the 1960s as Hirota's bilinear operator [B3]. Baker's work was recently revisited and 
expanded by several authors, among whom co-authors Buchstaber, Enolskii, and Leykin 
jBELll [BEL21 IBLEll [BLE2] ; Grant 0; Matsutani [Ma]; Onishi 0. In subsequent work 
[EEL], Enolskii, Eilbeck, and Leykin gave a construction of the Kleinian a-function of 
[BLEl] generalized to curves of W-type (n, s), where n and s are any two relatively prime 
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positive integers; we call them (n, s) for short, as in the literature (these are the same as the 
C rs curves of |MP08t IMP12] ); They did so by defining the fundamental differential of the 
second kind over every (n, s) curve. We call their construction "EEL construction" . Us- 
ing the EEL construction, we have investigated properties (such as addition formulae and 
the order of vanishing) of the cx-function of (n, s) curves in jEEMOPll IEEMUP21 [MP08] . 
Nakayashiki |No] investigated properties of the function also by the use of differentials 
on symmetric products of the curve. Further Eilbeckl, Enolski and Gibbons [EEG] and 
Nakayashiki |Na2j showed the connections between cx-function and so-called r-function 

mi. 

In our program, we extend the study to afline curves in higher-dimensional space. We 
generalize the cx-function to a 3-space curve of W-type (3, 7, 8) and to a curve of W-type 
(6, 13, 14, 15, 16) which covers it as one of the present authors showed for a curve of W- 
type (3, 4, 5) in [MKJ. As in the (n, s) case, we omit 'W-type" for brevity. The motivation 
of this generalization comes from the the following Monstrous Moonshine problem and 
Weierstrass semigroup problem. Following the EEL construction, we define the funda- 
mental differential of the second kind, which gives a generalized Legendre relation; this 
in turn gives us the cx-function and we obtain the Jacobi inversion formulae following 
previous work [MP08J. We note that our Kleinian cx-function is again a generalization of 
Weierstrass' elliptic ex. 

Korotkin with Shramchenko defined a sigma function for any compact Riemann surface 
|KSj . which so far has not been explicitly related with meromorphic functions on the curve; 
on the other hand, Ayano investigated sigma functions for space curves of a special type 
[A"] , called telescopic curves, but those do not include a (4,7,8) or a (6,13,14,15,16) curve. 

1.2. Monstrous Moonshine. Our motivation for focusing on the curves of genus 4, 
(3, 7, 8) and genus 12, (6, 13, 14, 15, 16), is due to a suggestion by John McKay. The curve 
(6, 13, 14, 15, 16) is associated with a Jacobi variety whose real dimension is 24 and has the 
Weierstrass gap sequence {1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 17, 23}, similar to the Norton numbers 
{1, 2, 3, 4, 5, 7, 8, 9, 11, 17, 19, 23}. The Norton numbers, as stated in [FMNllMcKl IMSllNoj . 
e.g., are the coefficients of replicable functions in a Norton basis; in turn, replicable 
functions are related to the Monstrous Moonshine. In [HBJl VI. 3], the Prize Question 
reads, for A the (twisted) A-genus: Does there exist a 24- dimensional, compact, orientable, 
differentiable manifold X with Pl (X) = 0, w 2 (X) = 0, A(X) = 1 and A{X,T C ) = 0? 
For such a manifold, suitable twisted A genera would equal dimensions of irreducible 
representations of the Monster; and if the Monster acted on X by diffeomorphisms, one 
would possess a key to construct a great many representations of the Monster. The related 
Witten genus is studied in terms of a product of the Weierstrass cx function, there [HBJ, 
VI.3]. 

Of course, although a Jacobian is compact, orientable, differentiable and admits a 
spin structure [Hi] (equivalently, its w 2 is zero), pi is non-zero, being the genus of the 
curve. Since there is no further relation except 24-dimension, we will not be concerned 
with these problems in this article, but we give some remarks in Section [7] on relevant 
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geometric properties from a viewpoint of the construction of the generalized a function 
associated with the curve (6, 13, 14, 15, 16). 

With the above motivation, we sought a curve (6, 13, 14, 15, 16). However, as recalled in 
Section |2j it is a non-trivial problem whether there exists a pointed curve with given nu- 
merical semigroup at the point. This article is based upon J. Komeda's proof that there ex- 
ists a non-singular curve with Weierstrass gap sequence {1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 17, 23}, 
at a given point (see Proposition 12.11) ; its Weierstrass semigroup is indeed if 12, the sub- 
semigroup of the non-negative integers M generated by M 12 := {6, 13, 14, 15, 16}. The 
genus-12 curve constructed by Komeda covers a genus-4 curve of (3, 7, 8); we begin with 
the construction and analysis of its cr-function; relationships between the algebraic func- 
tions of the curves appear to be related to the Monstrous Moonshine. 

Let H denote a subsemigroup of the additive group of non-negative integers such that 
only finitely many positive integers, called the gaps of H, are missing from H. Let Bh 
denote the subring of the polynomial ring k[t] generated by the monomials t h , h e H. 
Then Spec Bh is a monomial curve; i.e. an irreducible affine curve with G m -action, where 
G m denotes the multiplicative group of k (C in our case). There is an induced G m -action 
on T l (B H ) and, decomposing T 1 into eigenspaces, one can write T 1 = ^ I/ 7 ll (z / ), where 
v ranges from —00 to +00. One says that Bh is negatively graded if T l (v) = for all 
positive v. 

In his thesis [Pi], Pinkham showed that H occurs as a Weierstrass semigroup if and 
only if the corresponding monomial curve, Spec k[t . h 6 H], can be smoothed negatively. 
Pinkham used this to show that if if is a complete intersection (in particular, if H 
is generated by two elements), then H occurs as a Weierstrass semigroup. This also 
holds for almost complete intersection semigroups generated by three elements and was 
generalized to almost complete intersection semigroups generated by four elements. Rim 
and Vitulli [RVJ give a complete characterization of such negatively graded semigroup 
rings. Moreover, they extend Pinkham's result by showing that every negatively graded 
semigroup ring can be smoothed. By the work of Pinkham, this implies that if H is any 
negatively graded semi-group, then there exists a smooth projective curve X and a point 
x E X such that the gaps of H are the Weierstrass gaps at x. 

In Section [2] we give a short review of the Weierstrass Semigroups. In Sections [3] and 
HI we proceed as follows: we define monomial curves with given Weierstrass semigroups, 
with motivation from the Norton numbers; when the semigroup falls outside the verifiably 
smoothable case, we give Komeda's proof that one smooth curve with such Weierstrass 
semigroup exists; Pinkham's calculation of the expected dimension yields a positive num- 
ber, therefore we can conclude that the monomial curve is smoothable. In Section [51 we 
use the local coordinates given by the monomial presentation of the curve, to manufacture 
a local section of certain meromorphic differentials, and we construct an abelian function 
on the curve, the cr-function, by integrating those differentials. In |MK] . the original 
idea was implemented for the semigroup (3,4,5), including the cr-function construction 
and natural extensions of the ones previously developed for (n, s) curves. The cr-function 
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provides a stratification of the Jacobian in Section in Section we make some ob- 
servations on the possible links with the representation theory of the Monster, starting 
with the above-mentioned numerical observation connecting the Norton numbers and the 
differentials we constructed (Appendix |A|) . 

We would like to express our thanks to John McKay for posing to us the problem of 
the Moonshine: his work on replicable functions led him to observations and conjectures 
(cf. [MS] ) which we propose to relate to our work on the a function; John hosted us 
at Concordia in 2004 and shared his vision most generously. Further the second author 
(S.M) has been studied the geometrical interpretations of the replicable function by the 
guide of John McKay On the interpretation, Yuji Kodama gave his attentions to the 
Norton number. John McKay taught him the relations among the Coble's work, sextic 
curves and E s action. The second author is also grateful to Kenichi Tamano, Victor 
Enolskii, Dmitry Leykin, Yoshihiro Onishi, Takao Kato and Akira Ohbuchi for valuable 
discussions and comments. 



2. Weierstrass Semigroups 

For reference, we give a brief overview of the recent study of the "numerical semigroups" , 
namely those (additive) sub-semigroups of the non-negative integers No whose complement 
is finite. We then give a new result due to J. Komeda concerned with the analogy with 
the Norton basis; this was already presented in [MKJ. 

For a numerical semigroup H generated by a set M, the number of elements of L(H) := 
Nq\H, the "gap sequence" of H, is called "genus" if it is finite, and denoted by g{H). We 
focus on the numerical semigroup H4 generated by M 4 := {3, 7, 8}, i.e., H4 = (3, 7, 8) as 
well as the problem of the numerical semigroup H12 generated by M12, i,e,, if 12 = (Mi2)for 
the reasons explained in subsection 11.21 

The genus of H^, if 12 (respectively) is g — 4, 12, and 

L(H 4 ) = {1, 2, 4, 5}, L(H 12 ) = {1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 17, 23}. 

For a gap sequence L := {£ < t x < ■ ■ ■ < £ g -i} of genus g, let M(L) be the minimal set 
of generators for the semigroup H (L) (it is easy to show that a minimal set of generators 
must be unique) and 

(2.1) a{L) := {a {L), ai (L), a g -x{L)} 

where «j := ii — i — 1. When an «j is repeated j > 1 times we write a\ in a(L). We 
let a min (L) be the smallest positive integer of M(L). We call a semigroup H an a min (L)- 
semigroup, so for example H4 is a 3-semigroup and Hi 2 is a 6-semigroup and 

a(L(M 4 )) = {0 2 , l 2 } and a(L(M 12 )) = {0 5 , l 5 , 6, 11}. 

The 6-semigroups with 3 generators, such as if 4 , were studied by Komeda in [K04J. 
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For a curve X of genus g and a point PeX, the semigroup 

H(X, P) := {n G N | there exists / G such that (/)«, = nP }, 

is called the Weierstrass semigroup of the point P. If L(H(X, P)) := No \ H(X, P) differs 
from the set {1, 2, • • ■ , g}, we say that P is a Weierstrass point of X. 

A numerical semigroup H is said to be Weierstrass if there exists a pointed curve 
(X, P) such that H = H(X, P). Hurwitz posed the problem whether any numerical semi- 
group H is Weierstrass. The question was revived in the 1980s, viewed as the question 
of deformations of a reduced complex curve singularity (X , oo). In |BG 1, BG2J, a coun- 
terexample was given, for the semigroup H B generated by 13, 14, 15, 16, 17, 18, 20, 22 
and 23, whose genus is 16: this can be seen as follows. Assume that H B = H(X, P) 
for a pointed curve (X, P), then X would have a regular differential vanishing to or- 
der i — 1 at P for any i G L(Hb)- By letting L 2 (H) be the set of all sums of two 
elements of L(H) for a semigroup H, X would have a regular quadratic differential 
vanishing to order m — 2 at P for any m G L 2 (Hg), which contradicts the fact that 
#L 2 (H B ) = 46 > 45 = (3 x 16) - 3 = h°(X,)Cf). Note that we write ICf for the 
sheaf of regular quadratic differentials on X and we use standard notation, e.g. h l for the 
dimension of the cohomology group H l of a sheaf over the curve. 

We just refer to the work of Komeda for further information; largely thanks to Komeda 
and co-authors [K83l lK99l [KOil IKU041 IKO081 IKU08aj and the reference therein, we sketch 
a list of sufficient properties for H to be Weierstrass, which also includes results by D. 
Eisenbud with J. Harris, C. Maclachlan and I. Morrison with H. Pinkham, 

(1) semigroup whose cardinality of the generators is less than 4, 

(2) semigroup whose genus is less than 9, 

(3) semigroup whose all primitive sequence, twice the smallest positive integer in 
H(L) > the largest integer in L, of genus 9, 

(4) semigroup whose a min (L) = 2,3,4,5, 

(5) semigroup whose a(L) = (0 9 ~ 2 ,m, n) for genus g and wt(L) = g, 

(6) semigroup whose a(L) = (0 9 ~ r , rrf) for genus g, and 

(7) other many special cases of n-semigroups generated by 4 elements. 

As it is partially mentioned in |MK] . we have the following crucial proposition due to 
Komeda: 

Proposition 2.1. The numerical semigroup (6,13,14,15,16) is Weierstrass. 

Proof. We consider a pointed curve (X, P) with H (X, P) = (3, 7, 8) and Kx a canonical 
divisor on X. Then, 

2 = h°(AP) = 4 + 1 - 4 + h°{)Cx - 4P) = 1 + h°{JCx - 4P); 

this implies that Kx — 4P ~ P± + P 2 for some points Pi and P 2 G X. Moreover, since 

2 = h°{5P) = 5 + 1 - 4 + h°{)C x - 5P) = 2 + h {JC x - 5P), 
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then h°(JC x -5P) = 0, and P t ^ P for % = 1, 2. This implies that IC X ~ 4P + Px + P 2 with 
Pi ^ P for i = 1, 2. By setting D :—7P — P x — P 2 , we have deg(2P> -P) = 9 = 2x4 + 1, 
and this implies that the complete linear system \2D — P\ is very ample, hence base-point 
free. Therefore, 2D ~ P + Q\ + . . . + Qg (= a reduced divisor). Let £ be the invertible 
sheaf O x (-D) on X and an isomorphism C m O x {-P — Qi — • • • — Qg) C Cx- 
The vector bundle © £ has an Cx-algebra structure through 0. The canonical 2 : 1 
morphism tc : X = Spec (Ox ©£)—>■ -X" has branch locus {P, Qi, . . . , Q 9 }. For P the 
ramification point of 7r over P, we see that H(P) = (6, 13, 14, 15, 16) using the following 
formula: 

h°(2nP) = h°{nP) + h°(nP - D) 

for any non-negative integer n. We have h°(12P) = h°(6P) + h°(6P — IP + P\ + P 2 ) = 
3 + h°(Pi + P 2 - P) = 3 because of P ^ P for z = 1, 2. Moreover, we have h°{UP) = 
h°(7P) + h°(P l + P 2 ) = 4 + 1 = 5, which implies that 13, 14 G #(P). The equalities 

h°(lQP) = h°(8P) + h°(P+P 1 + P 2 ) = 5 + 3 + l-4 + /i (/Cx-P-Pi-P 2 ) = 5 + /i°(3P) = 7 

mean that 15, 16 6 H(P). We have 

/i°(18P) = /i°(9P)+/i°(2P+P 1 +P 2 ) = 6+4+l-4+/i°(/C x -2P-Pi-P 2 ) = 7+/i°(2P) = 8, 
which implies that 17 ^ H(P) and 18 G H(P). Moreover, we get 

/i°(20P) = /i°(10P)+/i°(3P+P 1 +P 2 ) = 7+5+l-4+/i°(/C x -3P-P 1 -P 2 ) = 9+h°(P) = 10. 
Hence, we have 19,20 G H(P). We obtain 

h°(22P) = h°(llP) + h°(AP+P 1 +P 2 ) = 8 + 6 + l-4+/i°(/C x -4P-P 1 -P 2 ) = 11 + 1 = 12. 

Hence, we have 21,22 G H(P). Finally, we get 

h°(2AP) = h°(12P) + h°(5P + Pi + P 2 ) = 9 + 7 + 1 - 4 = 13. 

Hence, we have 23 ^ H(P) and 24 G H(P). We conclude that H(P) = (6, 13, 14, 15, 16). 

□ 

3. Semigroup H = (3,7,8) 

In our construction of cr-functions, the tool is a description of the affine ring of the 
curve minus oo, the Weierstrass point in question. We begin with semigroup H = (3, 7, 8) 
because to treat our motivating example Hi 2 , the existence proof in Proposition 12. H we 
use an explicit double cover of a curve with semigroup H±. 
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3.1. The curve as a monomial curve. A monomial curve is an irreducible affine curve 
with G m -action, where G m is the multiplicative group of the complex numbers. To con- 
struct our curve, we consider the semigroup ring of if 4. We follow Pinkham's strategy [Pi] 
both in the H± and if 12 cases, namely, we start with an irreducible curve singularity with 
G m action, described parametrically by its semigroup ring. We deform the matrix of the 
relations. This deformation space U "classifies the set of pairs consisting of a smooth and 
proper algebraic curve X together with a point Pel with given semigroup H(X, P). If 
U is non void, then we have constructed directly a compactification of a "moduli space" 
for curves with points of semi group if" [PiJ Introduction]. We have a result that ensures 
that U is nonempty in both cases. In the case of if 4, Pinkham again (FjJ Section 14] 
proves nonemptiness for semigroups of two generators and conjectures it for three, proved 
later in [RV] . 

Proposition 3.1. For the k-algebra homomorphism, 

<p 4 : k[Z) := k[Z 3 , Z 7 , Z 8 ] k[t a ] aeMi , Z a h+ t\ 
the kernel of <p± is generated by = (6 = 14, 15, 16) where 

to 1 \ f( z ) _ y2 7^7 f( z ) — 77 v5 f{ z ) _ 7I 7% 7 

Proof. This follows from a result of Herzog's [Her], who showed that for any W-semigroup, 
the number of generators of the kernel is two or three. □ 

Here we note that these relations are given by the 2x2 minors of 



(3.2) 



Z| Z 7 Z 8 

Z 7 z s z\ 



The monomial ring P>h := k[t a ] a= M i is given by 

B H ~k{Z 3 ,Z 7 ,Z 8 ] /kery?. 

We say that Z a has weight a. 

To indicate the action of G m , defined as Z a h> g a Z a , and the induced action on the 
monomial ring B>h 4} we use the notation : it will be convenient since we are going to 
relate several curves and different actions. 

To construct a smooth curve X 4 with if (X 4 , 00) = f/4, we consider two plane affine 
curves X 6 and X 7 , with infinity, corresponding to the equations: 

/e,2ifo yi) ■= y 7 - k 7 (x), k 7 (x) := k 3 (x)k 2 (x) 2 , 

and 

fr&fa Vb) ■= yl - k 8 (x), k 8 (x) := k 3 (x) 2 k 2 (x), 
where for distinct b a e C (a — 1, 2, • • - , 5), 

k 3 (x) := {x - 61) (a: - b 2 ){x - b 3 ) = x 3 + X^x 2 + X ( 2 3) x + X { 3 \ 

k 2 (x) := {x - b A ){x - 65) = x 2 + Xf ] x + X { 2 2) . 
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Both curves have the singular points in their affine parts; the singular points of the afhne 
part of X 6 are (b a , 0) a = 4, 5 whereas those of X 7 are (b a , 0) a = 1, 2, 3. We consider the 
rings R 6 := C[x, y 7 ]/{fe, 2 i{x, y 7 )) and R 7 := C[x,y 8 ]/(f 7t2i (x,y 8 )) associated with X 6 and 
X 7 respectively. The genera of the semigroups of X$ and X 7 at their oo are 6 = g((3, 7)) 
and 7 = <?((3, 8)) respectively. 

Due to the normalization theorem |Gril p. 5, p. 68] (Theorem IB. lj) . it is known that every 
algebraic curve (due to its dimensionality) admits a normalization and the normalization 
is unique up to isomorphism. Although the functions y 7 and y 8 we introduced are defined 
on different curves, we consider that the following identities are consistent because the 
zeroes of f^ 2 i(x,y 7 ) and f 7 , 2 4,(x,y 8 ) satisfy the relations, 



(3.3) y 7 y 8 = k 2 (x)k 3 (x), y 8 



(x - b 4 )(x - b 5 )' 



2/7 



2/1 



(x - b l )(x - b 2 )(x - b 3 )' 



where consistency is achieved by requiring that under the natural action of a primitive 
third root of unity ( 3 on y 7 and y$ in R 6 and R 7 as respectively: on the first relation, we 
make the choice a = out of the possible < a < 2 of y 7 y% Qk 2 (x)k3(x). 
As a normalisation of these singular curves, we consider the commutative ring, 

i? 4 := C[x,y 7 ,y s ]/(f u , fisjw), 
and the curve Spec Rt±. Here we define /14, /15, /i6 G C[x, y 7 , y$] by 

fu = y 7 ~ ysk 2 (x), /15 = y 7 y 8 - k 2 (x)k 3 (x), f 16 = y\- y 7 k 3 (x), 



which are also viewed as the 2x2 minors of 

/ 34 n k 2 (x) y 7 y 8 

2/7 2/s h(xj 

as a deformation of (I3.2p . Note that when x is infinite, so are y 7 and y 8 . G$ 



by sending x and y a to g~ 3 x, g~ a y a for g G Gm and a 
—a are the weights of x and y a at 00. 

Due to Nagata's Jacobi criterion |Matj Theorem 30.10], Spec R4 is non-singular except 
at 00: 

Proposition 3.2. For every (x,y 7 ,y$) where fu,fi5 and fie simultaneously vanish, 

rank W 4 = 2, 

where 

/ <9Jl4 8/l4 9fl4_\ 



acts on R4 
7, 8 at 00 G X4. Thus —3 and 





Proof. The matrix W 4 is equal to 

/ y 8 k' 2 (x) 
W 4 = (k 2 {x)k 3 {x))' 
\ VrKix) 

When y 7 vanishes, and in consequence y$ vanishes, x must be one of {6 a }a=i,-,5- F° r 
x = 61, 

/ 

W 4 = k 2 {b 1 )(b l -b 2 )(b 1 -b 3 ) 
\ 

Here k 2 (bi) and (61 — b 2 )(bi — b 3 ) don't vanish so the rank is 2. Similarly for x = b a 
a = 2, • • • ,5. On the other hand, when y 7 and ys are nonzero, 

V\k' 2 {x) 2y 7 yl -ylk 2 {x) 

y 7 y 8 {k 2 {x)k 3 (x))' y 7 y\ y^y 8 
y^k' 3 {x) -y 7 k 3 (x) 2yfy 8 

shows that the rank is 2. □ 

Lastly, the smooth curve X 4 associated to the quotient field of the ring R4 is obtained by 
completing the affine piece Spec _R 4 by one smooth point at infinity, which we still denote 
by 00 when there is no ambiguity; this can be seen by introducing a local parameter at 
00 as in [Mul| Section 2] (see Appendix B). There is a cyclic action on X 4 by 

Csfo J/7, 3/s) = (s, C32/7, Cl2/s) ■ 
Proposition 3.3. There is a natural homomorphism R a — > i? 4 for each (a = 6, 7). 

Proof. Letting ip : C[x,y 7 ] —¥ C[x,y 7 ,y s ] be a ring homomorphism, we have the relation 
</? _1 (/i4, /15, / i6 ) = (/6,2i)- Similarly we have the result for a = 8. □ 








n \ 






|» 4 = 


1 -1 1 


K 






V V 





In conclusion, X 4 is the normalization of Xg and X7. 



3.2. The Weierstrass gaps and holomorphic one forms. The Weierstrass gap se- 
quences at 00 are given by the following table. Indeed, we have H(X^, 00) = if 4 . In view 
of the construction of the curve, functions that have the order of poles in the complement 
of the gaps can be given by monomials in i? 4 . We denote by <f)[ 9 ^ a monomial in R g for 
g = 6, 7 and we add the notational device H° in the subscript to signify functions, as in 

the group if°(X 4 \oo, Xi ): for R ^ e '#'' %°o = 1 ' = x ' ^2°2 = x2 ' ^2°3 = 2/ 7 ' 

J.( 4 ) ^( 4 ) 3 

0#o 4 = 2/8, r H o 5 = x 6 , e.g.. 

9 



Table 1 



| 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

Xq I 1 - - x - - x 2 j/7 - x 3 xyj - x 4 x 2 y 7 y 2 x 5 x 3 y 7 

X 7 | 1 - - x - - x 2 - ys x :i - xyg x 4 - x 2 yg x 5 j/| 

X 4 I 1 - - x - - x 2 y 7 y s x 3 xy 7 xyg x 4 x 2 y 7 x 2 yg y 7 yg x 3 y 7 



We define the weight (n) and N^l (n) by 

N$(n) = -wt(0$J, N^(n) = -wt(^), 

where wt() is the order of pole at oo. These are consistent with the weights corresponding 
to the action Gm\ whereas R g (g = 6, 7) provides the Weierstrass gap sequences associated 
with the semigroups (3,7) and (3,8). 

The differentials of the first kind of the singular curves of X 6 and X 7 are given by, 

^ ;6 :=4^' (< = 1,2,3,4,5,6), ^ 7 := (< = 1,2,3,4,5,6,7). 

3y 7 %s 

Proposition 3.4. The holomorphic one form over X 4 can be expressed by 

7;4 . ^Wi-idx 



^ ■■= V , (< = 1,2,3,4), 



where the monomial 0^ G -R4 defined by 

4> { m ■= V7, (f>HH '■= 1/8, 0#i 2 := <Pm 3 ■= xy 8 

and we add the notational device H 1 in the subscript to indicate differentials, as in the 
group iJ 1 (X 4 \oo, Xt ): 

Further we define 0#! 4 := x 2 yy, 0#i 5 '■= x 2 ys, and for j > 5, and let ■ defined as 
4>ff\ := 0^o^. +5 . We also define the weight N^l(n) by 



JV&'(n) = -wt(0£ n ; 



the order of pole of at 00, which is also consistent with the weight coming from Gm . 
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Remark 3.5. We remark the canonical divisor fCx A of Since by letting a point in X4 
by (x,U7,y s ), the divisors of the bases are 



7;4\ 



(6 4 ,0,0) + (6 5 ,0,0)+4oo, 

(&i,0,0) + (&2,0,0) + (& 3 ,0,0)+3oo, 



(^3 ;4 ) = £ V3fc 7 (0), C3 2 °V3A; 8 (0)) + (64, 0, 0) + (65, 0, 0), 



a=0 
2 



(^ ;4 ) = <* ^(0), C2°V3A*(0)) + (6i, 0, 0) + (& 2 , 0, 0) + (63, 0, 0), 



a=0 



we emphasise that the canonical divisor K,x 4 must include points in X4 \ 00. It shows 
a contrast to the fact that for every (r, s) curve of genus $ = (r — l)(s — l)/2, there is 
a canonical divisor given by (2<? — 2) 00 as in [MP09J. This is a reason why we consider 



'H 



i 's besides 



j(4) 



S. 



Then the following proposition is self-evident: 



Proposition 3.6. For n > 0, XliLo * 



dx 



mm 



belongs to if°(X 4 \ 00, flx 4 ), in particular to 



H°(X4, ^xj for n < 4, where Vtx 4 is the sheaf of the holomorphic one-form. 
Lemma 3.7. For a non-negative integer n < 5, if the one form 

x l dx x % dx 



2/72/8 



8=0 ^ ,l70 1=0 

is holomorphic over X4, then each vanishes. 



'k 2 (x)k 3 (x) 



Proof. For n < 5, every term in J^ =0 a i§^| nas singularities at points in X \ 00. 
By letting 



□ 



A 



(<?) 



jyOr) ( p ) _ at(s) (i - 1) _ p + i _ i, Af) = atW (4) _ j\rW _ 1) _ 5 + ^ 



r(4) ( 



r(4), 



the related Young diagrams y 4 = (A? } , A { 2 4) , A 3 4) , Af), = (Ai° ; ,A^ 
^7 = (AS 7) , A< 7) , • • • , A 7 7) ) are given by 



.(6) a (6) 



Ai 6) ) and 
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Since the Young diagram 3^4 is not symmetric, the semigroup i? 4 is also not symmetric, 
where a numerical semigroup is symmetric if and only if the gap sequence has 2g — l [RGJ . 
We should note that in ( 12.1 j) corresponds to by appropriate interpretations 

for each X g (g — 4, 6, 7). 

Also self-evident is the following: 

Lemma 3.8. By using the same letters in source and target under the homomorphism of 
Proposition \S. ^1 (as well as identifying a coset by a standard representative), the holomor- 



phic one forms z//' 4 over X 4 satisfy: 



I -a ~r,6 



~I;7 



{i = 1,2,3,4), 



where 



~I;6 



4 >°J; U 3 .— ^3 +A-L Z/ 2 + A 2 1^ , .— U 5 +A X V z + A 2 V 2 1 



f;6 . x(2) f;6 . x (2) J;6 



^ 7 :=^ 7 , (< = 4,6), ^':=^ ; '+Ai Vs i, + W+Ar^ ! . 

r/;7 ._ ; /;7 , \(3),/;7 X (3) /;7 , \(3) /;7 
l> 7 .— Z/ 7 + A x Z/ 5 + A 2 ^ 3 + A 3 Z/ 2 . 

As is standard practice, we choose a basis o;| 4 \/3^ (1 ^ i,j ^ 4) of Hi(X,Z) such 

that their intersection numbers are af 1 ■ a * = /3 ( - 4 ^ • (3^j = and otf 1 ■ (3^j = 5y, and 
we denote the period matrices by 



(3.5) 



7:4 



(4) 



J:4 



ij'=l,2,-,4 

Let A4 be a lattice generated by oj^' and a/ 4 -*". For a point P G X 4 , the Abel map is 
defined, 



u(P) 



z/ ;4 e C 4 



and for k points Pi, P 2 , ■ ■ ■ , Pk £ -^4; the Abel map w(Pi, 
Then we obtain the Jacobian J7" 4 by 

k : C 4 -> J 4 = C 4 /A 4 , 

and the subvariety by 

W (4) fc := ^(5 fc X 4 ). 



P fc ) is defined by £) i=1 u(Pi)- 



Hereafter we use the convention that for P a G X 4 , P a is expressed by (x a , 2/7,a, 2/s,a) or 
(? Pa , y 7 , Pa , ys,p Q ). By letting u := w(Pi, • • • , P 4 ), we have 



(3.6) 



/<9/<9«i\ 

d/du 2 
d/duz 
\d/du A J 



(4)-l 
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(%y7,iys,\d/dxi\ 

32/7,22/8,2<9/<9£2 
3?/7,3Z/8,35/<9x3 

\3y 7A y 8 ,4d/dx 4 J 



where 



(3.7) 



(-1) 



In other words, 



i=i 



dui 



I* 



(4)-l, 



to) 

to) 



to) 



fp 2 ) 



c(4) 

ei 



to 

to 
to) 



to) 

to 
to) 

C2 



SU^l) 
Hi 2 ( P 2) 

W ^ 3 ) 



toA 



P> 



^2 



p 4 



V 3 

to 



to) 
£3 



3y7,2V8,2d/dx2 
3^7,32/8,3^/ <9^3 
37/7,42/8,4^/ <9x 4 



As these relations hold for the image of the Abel map, we also have similar relations for a 
stratum Ku(S k X i ) of < 4 using the submatrices of as in |MP12j . Further we have 
a natural relation: 



(3.8) 



<9 2 



9j/7,lJ/8,l2/7,22/8,i 



<9 2 



3.3. Differentials of the second and the third kinds. Following the EEL-construction 
|EEL[ IBEL2] for (n, s) curves, we produce an algebraic representation of a differential form 
which, up to a tensor of holomorphic one-forms, is equal to the fundamental normalized 
differential of the second kind in |Fay[ Corollary 2.6]. We extend the EEL-construction 
to the space curve A 4 . 

Definition 3.9. A two-form f2^(P 1? P 2 ) on A 4 x X 4 is called a fundamental differential 
of the second kind if it is symmetric, 

(3.9) nv\p 1 ,p 2 ) = d*\p 2 ,p 1 ), 

it has its only pole (of second order) along the diagonal of X^ x and in the vicinity of 
each point (Pi, P 2 ) is expanded in power series as 



(3.10) fiW(P 1> P 2 )= (- 



+ d>{l))dt Pl g> dtp 2 (as Pi ->■ P 2 ), 



. (t Pl - „p 2 

where tp is a local coordinate at the point P e X 4 . 
Proposition 3.10. Let S 1 - 4 ^ (P 1; P 2 ) be the following form, 

V7,py&,p + yi,py&,Q + j/7,q2/8,p 



(3.ii) s^(p,g) 

TTien S^(P, Q) /ias i/ie properties 



(x P - x Q )3y 7 ,py 8tP 



dx 



p- 
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(1) S^(P,Q) as a function of P is singular at Q = (xq, y 7; Q, U8,q) and oo, and 
vanishes at ( 3 (Q) = {xQ,<^yr,Q,Qy%,Q)- 

(2) Y>( 4 \P,Q) as a function of Q is singular at P and at oo. 

Proof. Direct computation. □ 
The following holds for non-singular X 4 : 

Proposition 3.11. There exist differentials v 1 - 1 ' 4 = v l - l ^[x,y) (j = 1,2, ••• ,4) of the 

second kind such that they have a simple pole at oo and satisfy the relation, 

d Q j: (4 \p,Q)-d P ^(Q,p) 

(3.12) 



i=i 

where 



= E(V ;4 w) ® ^ /;4 ( p ) - ^ ;4 ( p ) ® ^(o)), 



(3.13) dgEW (P, Q) := rfx P ® dx Q ^- M "' P + V7 ' P ^ Q + Vl ^ P dx P . 

oxq [x p - XQ)3y 7! py 8>P 



The set of differentials {v x ' , v 2 ' , v 3 ' , v 4 ' } is determined modulo the linear space 

j 



spanned by (^' 4 )j=i,...,4 and it has representatives 



1 1 -A 
Va = 



-x 2 dx 



4 o ' 

3y 8 

n . A _ -{2x 2 + \f ] x)dx 



"3 



II -A 
Vo = 



3^/7 

- (4x 3 + (3AS 3) + 2A< V + (2A? } + A< 2) A< 3) )s + A< 3) ) dx 

- (5x* + (3A< 3) + 4A< V + (Af + 2AS 2) AS 3) + 3A< 2) ):r + A< 2) A< 3) ) dx 
v-, ' = — . 

1 32/7 

We will henceforth use this basis f/ 7 ' 4 . 
Proof. 

9 y 7 ,pys,p + V7,pys,Q + V7,qVs,p dxp 

dx Q (x P - x Q )3y 7! py 8 ,p P 

= 1 f 3(l/7,Pl/8,P + y7,PV8,Q + 2/7,Q2/8,p)S/7,Q1/8,q) 

(x P - x Q )9y 7; py 8> py 7! Qy 8; Q L (ar P - xq) 

+ (i/7,p^(2/c3,qA;3,qA;2,q + kl Q k' 2 Q ) - ys,p^-(2k 3>Q k7,Qk' 7tQ + k'^ Q k 2 7 Q ))^ 
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Here we set k a> p = k a (xp) and k' aP = dk a {xp)j dxp. The result follows from the equalities 

d y 7 ,py8,p + y7,pys,Q + yr^y^p g V7,qv%,q + V7,qv&,p + yi,py%,Q 

dx Q {x P - x Q )3y 7iP y 8 ,p dx P (x Q - xp)3y 7;Q y 8) Q 

is equal to 

! r3(y 7iP ?/ 8i Q + y 7 ,Qy 8 ,p)(y7,Qy8,Q - y 7 ,py%,p) 



(x P - x Q )9y 7! py 8 ,py 7 ,Qy8,Q L (x P - x Q ) 

-\y7,py&,Q{2k' ZQ k 2 ,Q + h iQ k' 2Q - 2k 3tP k 2P + k' 3tP k 2 ,p) 

+ y 7 ,Qy8,p(2k' 3P k 2: p + k Z)P k' 2P — 2& 3) q& 2) q + k' 3Q k 2 ^ 

= 7 ^ (S 4 (P, Q) - P 4 (Q, P)) • 

(a;p - XQ)9y 7t py 8 ,py 7 , Q y 8t Q 

where 

P 4 (P, Q) = Z/7,pZ/8,q (5xJ + (3AS 3) + 4\?)x 2 Q + (A< 3) + 2AS 2) a1 3) + 3A? } )x Q 
+ (2xq + \^xq)x p - (2xp + Xf^xp) - x p xqJ . 
Thus we have the result. □ 
Corollary 3.12. (1) The one-form 



Ii^ )P p 2 (P) := S (4) (P, Pi)dx - S (4) (P, P 2 )d 



x 



Pi' 

is a differential of the third kind, whose only (first-order) poles are P — P\ and 
P = P 2 , with residues +1 and —1 respectively. 
(2) The fundamental differential of the second kind QS A \Pi ) P 2 ) is given by 

nW(p lf p 2 ) = d P2 ^(p u p 2 ) + J2^'\Pi) ® ^ /;4 (p 2 ) 

(3.14) i=1 

_ F^\P u P 2 )dx 1 ®dx2 

(xi - x 2 ) 2 9y 7t p 1 y8,p 1 y7,p 2 y8,p 2 ' 
where is an element of <S> Ra- 
Proof. Direct computations show it. □ 
Lemma 3.13. We have 



(3 - i5) ^ ,gS:-^ =to)= ^- 



Proof. A calculation, using the formula for from 13.121 and the expression for P4 in 
the proof of Proposition 13.111 gives the result. □ 
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Hereafter for P = (x,yj,ys), we expand hi{P) = d,y^y^vl I,A {P) / 'dx, 1 < i < g, in the 
monomial representatives for elements of R 4 to avoid carrying holomorphic one-forms. 
For later convenience we introduce the notation: 

"Pi /-Qi 



(3.16) 



4. Semigroup if = (6, 13, 14, 15, 16) 

In this section, we investigate a non-singular curve whose Weierstrass semigroup at one 
point oo is the numerical semigroup ff 12 generated by M\ 2 = {6, 13, 14, 15, 16}. Again 
we follow Pinkham's program, deform the local equations of a smooth affine curve with 
a given monomial ring at oo, and use Komeda's result to ensure that there exist a global 
curve in the deformation space. 

4.1. The curve as a monomial curve. The proof of the following Proposition is con- 
tributed by Komeda. 

Proposition 4.1. Let B\ 2 be the monomial ring which is given by k[t a ] a eM 12 f or the 
numerical semigroup H\ 2 . For the k-algebra homomorphism, 

fi2 '■ k[Z] := k[Z 6 , Zi 3 , Z 14 , Z 15 , Z 16 ] — > k[t a ] aeMl2 , Z a i-> t a , 

where Z a has weight a = 6, 13, 14, 15, 16, the kernel of ip\ 2 is generated by the following 
relations f[^\ (b — 1, • • • ,9), 

A z ) — 72 y2y A z ) _ y y y2 y A z ) _ y2 7 7 

Jl2,l — Z 13 — Z 6 Z 14> Jl2,2 — Z 13^14 — ^6 Z 15? Jl2,3 — Z 14 ~ Z 13^15, 

f( z ) 72 727 f( z ) 7 7 7 7 f( z ) y2 yb 

(4.1) ^ 12 ' 4 ~~ 14 ~~ 6 16 ' 712,5 — ^13^16 — ^14^15, 1 12,6 ~ ^15 ~~ ^6 > 

f( z ) 7 7 75 A z ) rv rv y'iy f( z ) y2 y3 y 

J 12,7 — ^14^16 - ^6> Jl2,8 — Z 15^16 - ^6 Z 13, Jl2,9 ~ Z 16 ~~ Z 6 Z 14- 



Proof. We set a\ = 6, a 2 = 13, a 3 = 14, a 4 = 15 and as = 16. Let ip i2 : k[Z Q , Zi 3 , Z u , Z i5 , Ziq] 
k[Hi 2 ] = k[t h ] heHl2 be the /c-algebra homomorphism which sends Zi to t ai for each i. Then 
the ideal I = kenp is generated by 

A Z ) _ y2 y2y AZ) _ y y y2 y AZ) _ y2 y y 

J 12,1 — Z 13 ~~ Z 6 Z 14> Jl2,2 — ^13^14 ~ ^Q^Vsi Jl2,3 _ Z 14 — ^13^15, 

A z ) _ y2 7^7 A z ) — 77 77 f( z ) — 7 2 7 5 
Jl2,4 — ^14 — ^6^16! Jl2,5 — ^13^16 _ ^14^15> Jl2,6 — ^15 — ^6' 

A z ) _ 7 7 y§ A z ) _ y y 7 3 7 f( Z ) — 7 2 7 3 7 

3l2,7 — ^14^16 — ^6> /l2,8 — ^15^16 ~ ^6^13, J 12,9 ~ Z 16 ~~ ^6 Z 14- 
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We set ai = minjo; G N > | aai = (ai, . . . , Gtj_i, a i+ ±, . . . , a 5 )}. Then it is easy to check 
that d\ = 5, a 2 = a 3 = = at?, = 2 and 

5ai = 2a 4 , 2a 2 = 2ai + 03, 2a 4 = 2a6 + 05, 2a 4 = 03 + 05, 2as = ai + 2a2- 

We investigate relations as follows: 

Pidi + Pjdj = 7 fc a fc + 7^a £ + 7m a m 

with < (3i < ai, < /J, < a.,-, < 7^ < < 7^ < ae and ^ 7 m < a m . Then we get 
the following four relations: 

02 + a 3 — 2ai + a 4 , a 2 + a 4 = 2ai + 05, a 2 + 05 = 03 + a 4 , a 4 + 05 = 3ai + 03. 

It is easy to check that the polynomials given in the statement belong to I. Let J be the 
ideal generated by the above nine polynomials. To prove I — J it suffices to show the 
following: If 

f = U z «;-U z i e ker ^ with = °> ever y *> 

i i 

then / G J. 

Case 1. Let - Z^Z^Z^Z^ G / with ft ^ a,, 7j > 0, 7fc ^ 0, 7^ and 7m ^ 0. 
Let i = 6. We have 

/ = ^- B (-/S?«) + ^ 1_5 ^i5 - 2gM = Z*" 6 ^ - 2gM mod J 
where M is some monomial. Hence, if j = 4, then we may decrease the degree of /. If 
j — 3 or 5, using f[^\ — fu \ we ma Y decrease the degree of /. We may assume that 
/ = Zq 1 — ZJl with 72 ^ «2- Hence, we have 

/ = Zq 1 — Z\l 2 fi2, 1 ~~ ^13 2 ^6^i4 = Zq 1 — Z~H 2 Z\Z\t± mod J, 

which implies that we may decrease the degree of /. 
Let i — 2. We have 

ryfil /7/?2 — 2 f(Z) . rvfi-2—2 ry2 ry 

^13 — ^13 7l2,l + ^13 ^6^14- 

Hence, if j = 1 or 3, then we may decrease the degree of /. Let / = Zf| — Z^ZJq. Using 
/i^8 e ^ we ma y assume that 7 4 ^ 2 or 75 ^ 2. If 75 ^ 2, by G J we may decrease 
the degree of /. Let 7 4 ^ 2. Then 

f _ n(Z) 7 2 7 774-2/ /-(.Z) f(2)\ 7 75 V74-2 7 775+I 

7—^13 712,1 + ^13 ^6^14-^15 Ul2,6 ~~ 712,7^16 ~ ^15 ^14^16 • 

Hence, we may decrease the degree of /. 
Let i = 14. Since we obtain 

7& _ 7 Pz-2f(Z) 7 2 7 h~2 7 _ 7 h-2AZ) 7 7/33-27 
■^14 — ^14 712,4 + ^6^14 ^16 — ^14 712,3 + ^13^14 ^15, 

which implies that we may decrease the degree of /. 
Let i = 4. In view of 

7A _ 7 04-2/ AZ) AZ)s 7 7/34-27 _ 7/34-2 f (z) 757/34-2 

^15—^15 Ul2,6 ~~ Jl2j) + ^14^15 ^16 — ^-15 712,6 + ^6^15 
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we may assume that / = — Z± 3 . Hence, we get 



/ 



'15 
704-2 AZ) 



J 15 



f 



772—2 AZ) 1 yi> 7 
^13 712,1 + ^6^ 



12,6 



5 7 p4-2 y2 772-2 7 
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We may decrease the degree of /. 
Let i = 16. Since we have 



7/95-2 AZ) 1 7 7^ 7P5- 
^16 — ^16 Jl2,9 ' ^6^13^16 > 

we may assume that / = Zfg — ZJl Zj£ . In view of f[ 2 \ G J we may assume that 714 ^ 2 
or 74 ^ 2. By and \ — f[ 2 \ G J we may decrease the degree of /. 

It is sufficient to show the following case about the remainder. 

Case 2. Let / = Zjzg - e / with ft > 0, (5, > 0, 7 fc > 0, n > and 7m ^ 0. 

By the proof of Case 1 we may assume that < ft < a i} < ft,- < acj, < 7^ < 

( 7\ 

< 7^ < an and S 7 m < a m . In this case / is one of the four polynomials f[ 2 21 



705-2 



AZ) _ r^j , r 

Jl2,4 J 12,3' J 12,5 dIiu J 



(z) AZ) 



?(z) 

12,8' 



□ 



('12) fl2'l 

We label G m the action of G m on B 12 — /c[Z]/ker<^i2 so that for g G Gm Z a \-t g a Z a 
and each a agrees with the weight. 

The relations listed in Proposition 14.11 are given by the 2x2 minors of 

72 



(4.2) 



Z 6 Z14 Zia 
Zia Z-if. Zi 



Zq Z\ 3 Z14 Z15 
Z\ 3 Z14 Z15 Ziq 



although Zi 3 Zi 5 — Z\ Z w is not listed, and f[ 2 \ is not one of the minors they are compatible: 

for example, the given minor follows by combining f[ 2 \ with f[ 2 \ and f[ 2 \- We note that 
the first matrix is the same as (13. 2p . Thus, we reprise the notation used in Section [3j 

We construct a non-singular curve X\ 2 by giving an affine patch, an ideal in the ring 
C[x, 2/13, 2/14, 2/15, yie]. For any complex numbers and 67 distinct from the previous 6's, 
we let 



k 2 (x) := (x - b 6 )(x - 67) = x 2 + \f ] x + \f\ 



k 5 (x) := k 2 (x)k 3 (x), 



k 13 (x) := k 3 (x)k 2 (x) 2 k 2 (xf , 



k-iAx) 



k 7 (x) 2 = k 3 {x) 2 k 2 {x)\ 



k 15 (x) := k 5 (x) 3 , k ie (x) := k 8 (x) 2 = k 3 (x) A k 2 (x) 2 , 

Let the prime ideal V in C[x, 2/13, 2/14, 2/15, 2/16] be defined by 

V '■= (/l2,l, /l2,2, /l2,3, /l2,4, /l2,5, /l2,6, /l2,7, /l2,8, /l2,9), 

/i2,i -=yf 3 - k 2 (x)y u , /i2, 2 := 2/132/14 - k 2 (x)y 15 , f 12 , 3 ■= k 2 (x)y\ A - y 13 y 15 k 2 (x) 
/i2,4 -=yu ~ h{x)yi6, /i2,5 := 2/132/16 - 2/142/15, /i2,6 := y? 5 _ k 2 (x)k 3 (x), 

/i2,7 :=2/i42/i6 - foO^aOOj /i2,8 : = 2/152/ie - ^3(^)2/13, /ia,B : = 2/ie - ^3(^)2/14, 
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which are the 2x2 minors of 




they are compatible-the minor follows by combining /i2,8 with fi 2i i and f\ 2 $. Here the 
first matrix is the same as (13. 4 p and the latter is related to the double covering of X±. 
In other words, we essentially identify y a and y2 a for a = 7, 8. There is only one point 
at infinity in this affine model because, as is clear from the equations, x approaches oo 

(12) 

if and only if each y b (b = 13, 14, 15, 16) approaches oo. We define the Gm action on x 
and y a by #~ 6 x and g^ a y a (a = 13, 14, 15, 16) near oo G X 12 . 

Corresponding to Proposition 14. 1[ we will consider a commutative ring, 

R 12 = C[x, ?/i3, 2/i4, 2/i5, Viel/V. 

Proposition 4.2. There is a ring homomorphism — > Ru- 

Following Nagata's Jacobi criterion [Mat} Theorem 30.10], we show that Speci?i 2 is 
non-singular. 

Proposition 4.3. For every (x, y 13 , y u , y 15 , y 16 ) which is a zero of every (/i2,a)a=i,-,9, we 



have 



rank U 



4, U 12 




a 



d £ d 




,a 



8 
dyia 





\ 



-k' 2 yi5 yu 2/13 -k 2 

hvu ~ 1/132/15^2 -yi5h 2A; 2 2/i4 -yuh 



-k' 2 yw 22/14 

2/16 -2/15 -Vu 




-(kh)' 22/is 
-{k 2 k 3 y 2/i6 



2/14 
2/15 

22/ie / 



-k' 3 yi3 -k 3 2/16 



V -k' 3 yu ~k 3 



When x = hi as a zero of k 3 (x), every y a vanishes and thus 




\ 



k 2 (h) 



-k 2 (bi) 
k2(h)(b 1 -b 2 )(b 1 -b 3 ) 



22/15 



V 
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is evidently a matrix of rank 4. When x = 64 as a zero of k 2 (x), yi 3 , y u and y 16 vanish 
and W12 is equal to 



■(64 - 65)2/15 

2/15 



-(h - h)k 3 (b 4 ) 



-k 2 (h) 



-2/15 



2y 



15 



-^3(64) 



2/15 



V 



/ 



whose rank is obviously 4. When x = b$ as a zero of £2(2;), 2/i3 an d 2/i5 vanish and thus 
the matrix is 



/ -(be- 67)2/14 

(&e - 67)2/14 
-k 2 (b 6 )'y 16 

-(b 6 - b 7 )k 3 (be) 
-(W(&e) 

V -k' 3 (b 6 )y u 



2/16 



-A:, 



-fc 2 (6 6 ) 



\ 



22/ 



14 



2/16 
-A*(&6) 



2/14 



2/16 



MM 



2/14 



22/16 / 



Since 



2/14 2/16 , 2/16 MM _ 2/14 



and 



MM 2/14 2/14 2/16 M&e) 
, and 67, we compute 



, the rank is 4. When x differs from bi, b 2 , 



( 1 

2/14 

-h/y 



\ 



1 

-2/13 



-2/15/2/16 -2/14/2/16 
1 



14 



-^3/2/ 



15 



2/15/2/14 1 -k 2 /yi3 

1 ^2/2/13 
1 

-2/16/2/13 -2/14/2/13 v 

20 



Wi 2 , 



which is equal to a matrix of rank 4, 

I -k 2 yu 2yi 3 -ki 



\ 



-k' 2 y 16 2y u k 2 

2/16 -2/15 -2/14 2/13 



-&32/13 -A?3 



2/16 2/15 



V 



□ 



There is a Riemann surface, which we denote Xi 2 , obtained from the affine smooth 
curve given by Spec(i?i 2 ) by adding one point oo (see Appendix IB"]) . 

In the local ring of the place oo, we express x and y's as 



Va 



f-12+a ' 



(a = 1,2,3,4), x 



using the local parameter t at oo. 

For later use, we introduce the following ring, 

R 12 := C[x, w 3 , w 2 , w 2 )/ (w\ - k 3 (x),w% - k 2 (x), w\ - k 2 (x)), 

and then we have a natural ring homomorphism i\ 2 : i? 12 — > R\2- Since in i? 12 , we have 

(4.4) w l = k 3 (x), w^ = k 2 (x), w 6 2 = k 2 (x), 
in ^12(^12), the following holds 

(4.5) yi 3 = w 3 wlwl, y u = wlw 2 , y 15 = wlw 3 2 , y w = w 4 3 w 2 2 . 



This gives a projection 
(4.6) 



Spec i?i2 — > Spec R± 2 . 



The curve X 12 has a cyclic action of a primitive sixth root of unity £g ; 

2/13, 2/i4, 2/15, 2/ie) = (x, Ce2/i3, Ce2/i4, C 6 3 2/i5, CbI/w)- 

Using the above expression of w's, it is obvious that the prime ideal P is stable for the 
cyclic action. 
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4.2. The Weierstrass gaps and holomorphic one forms. The Weierstrass gap se- 
quence of R\2 at oo is given by the following table: in particular, the semigroup H(X 12 , oo) 
equals H 12 . 



Table 2 



01234567!; 


S 9 10 11 12 13 


14 


15 


16 


17 18 19 


20 


21 


22 23 


1 ----- x - - 


X 2 2/13 


2/14 


2/15 


1/16 


- x 3 xyi3 


xyi4 




ZJ/16 - 



We introduce a notation for the monomials in i? 12 whose orders of pole at oo correspond 
to the non-gaps: 



.(12) 



.(12) 



P = X , <P2 2) = X \ <Pa+2 = Va, = 01+7 = Xy a 



'(12) 



(12) 



.(12) 



.(12) 



6i-12 ~~ X ) ^61-12+a 



.(12) 



x 4 - V, <f>&% = x i - 3 y 13 y 16 , (a = 1, 2, 3, 4, i = 4, 5, 6, ■ • • ). 



We define the "weight" 



7V( 12 )(n) = -wt(0i 12 )), 



where wtQ is the order of pole at oo, consistent with the Gm action. 
The related Young diagram 3^12 of M12 is given by 

A 4 = N {12 \g) - N {12 \t - 1) - 13 + i, 

which is equal to ai2-i(L(H 12 )) in (12. ip . 



When 6's are distinct, a basis of the holomorphic one-form is given by v { 



/;12 



1,2,- ■• ,12, 



7;12 



7:12 



'(12) 



^ doc 



62/132/16 %142/15 
22 



or 



7;12 
V{ = 



dx 



6yi 3 yie 



7;12 

Z/n' = 



/;12 



(4.7) 



7:12 



IV = 



6yi 5 ' 

7 - 12 X&X 



6^132/16 ' %13l/l6 : 
7;12 ^ -7;12 ^ 



7:12 
^10 



6yi4 : 

*X d>*X 



v. 



7;12 
^4 = 



7;12 



dx 

w 

x dx 



62/132/16 ' ' 6?/i32/i 6 ' 

/"i2 xdx 1 12 xdx 



DJ/16 %15 DJ/14 

and its Abelian integral for a point P e Xi 2 is defined; 

„(P) = /V ;12 eC 12 , 



12 



6y 



13 



for k points Pi, P 2 , ■ ■ ■ ,Pk G X i2 , the Abelian map u(P\, • • ■ , Pk) is defined by Yli=i u(Pi). 
We also choose a basis af 2 \ (1 ^ i, j ^ 12) of Hi(Xi 2 , Z) such that the intersection 

numbers are a- 12 -* • = ^ 12 \ ■ ft 12 \ = and af 2 ^ ■ ft^ l2 \ = 5^. Let the period matrices 
be denoted by 

(4.8) \u>M'u>M"] :=- 

Then we define the Jacobian J 12 by 



7:12 



7:12 
V 3 



i,j=l,2,-,12 



where A12 is generated by u/ 12 )' and u/ 12 )". 

The Abel map of for (Pi, • • ■ , P k ) e S k Xi 2 to C 12 is also expressed by 



L 2 3 _Ar(i2)( 12 _i) 



U 



Ik] ._ 



u(P ir -- ,P k ) eC 



12 



Further we define the subvariety W^ 12 ^ by 

W( 12 ) fc :=«(5 fc Xi 2 )/A 12 . 

By letting 

(a n\ +■ _ _ -J 12 ! — I 12 l 

l 4 - y J l 23-N( 12 1(12-i) ■— U 'i ■— t 23-AT(l2)(12-i) = M * ' 

the weights are given by 

{wt(ti)} = {1,2, 3, 4, 5, 7, 8, 9.10, 11, 17, 23}. 



Here we use the convention that for P a e X 12 , P a is expressed by (x a , yi 3 , a , yu, a , yi5, a , yi6,o) 

o r (^P ,yi3,p a >yi4,p ,2/i5,p a ,yi6,p a ) and w M is also w 6 associated with P a . 
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By letting u := u(Pi, • • • , P12), we have 

/ d/dv,! \ I 6yi 3) iyi 4) i9/9xi \ 



d/du 2 

d/du u 
\d/du l2 J 



= V 



(12)-1 



12 



6yi3,2yu,2d/dx 2 

6yi3,iiyu,iid/dxu 
\6yi3,i2yu,i2d/dx 12 / 



where 



(4.10) 



(<t>r\p,) 0S i2) (A) 0? 2) (^i) 



(12) ._ 
12 



(p 2 ) tf 2) (P 2 ) 0^ iZj (p 2 ) 



(12), 



# 2) (Pn) 0S 12) (Ai) tf 2) (Pn) ••• 0S 2) (P 

>!, 12) (Pi2) 0S 12) (Pi 2 ) tf 2) (Pi 2 ) 

In particular, for any 12-tuple of numbers (£j)i=i,...,i 2 , we have 



ll> 



i=l 



dui 



<P ( 2 \P1) <P ( l 2 \Pl) <P ( 2 2 \Pl) 
4 12) (P2) 0S 12) (P 2 ) 4 12) (P 2 ) 



tf 2) (p n ) 0r ; (Pn) 0r j (Pn) 

i 12) (Pi2) 0j 12) (Pi2) <t> { 2 12 \Pn) 
ei e 2 e 3 



,(12), 



^(12), 



'(12) 
'll 

'(12) 



(Pi) 3yi3,iyiB,id/dxi 
<t)ii'{P 2 ) 5yi3,2yi6,2d/dx 2 



0ii 2) (Pn) 3yi3,3yi6,3d/dx 3 

0Sl 2) (Pi2) 3t/i 3i4 ?/i M <9/&r4 
ei2 



We express the change of variables: 



12 



(4.H) E^Pi)^ 2 }^) 



d 2 



du l (P 1 )du J (P 2 ) 



9yi3,iyi6,iz/i3, 2 yi6,: 



<9 2 



dx\dx 2 



4.3. Differentials of the second and the third kinds. We also give an algebraic 
representation of the fundamental normalized differential of the second kind f2( 12 )(P 1? P 2 ) 
on X12 x Xl 2 , whose defining properties are the same as those given for fi( 4 )(Pi, P 2 ) on 
X 4 x X 4 . 

Proposition 4.4. Let E^ 12 ) (Pi, P 2 ) be the following form, 
(4.12) 

V(12) / D n \ _ 2/13,12/16,1 + 2/13,22/16,1 + 2/l3,l2/l6,2 + 2/14,22/15,1 + 2/l4,l2/l5,2 + 2/14,22/15,2 , 

6(xi - x 2 )yi 3 ,i2/i6,i 
Tnen £( 12 )(P, Q) /ias £ne following properties 

(1) S (12) (P, Q) as a function of P is singular at Q = (zq, yi3,Q, 2/i4,Q, 2/i5,Q, 2/i6,q) and 
00 and vanishes at ( 6 (Q) = (x Q , C 6 2/i3,Q, C 6 2 2/i4,Q, C 6 3 2/i5,Q, Ch/ie.g)- 
S^ 12 ^(P, Q) as a function of Q has singular at P and at 00. 
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Proof. The result can be checked more easily in terms of the functions w's in the ring Pi 2 , 
cf. ( 14.4(1 : we express £( 12 )(Pi,P 2 ) in term of w's, 

(4.13) 

^(12) / D DA ^3,1^1,1^2.1^3.1^2,1 + ^3,2^1.2^2,2^1,1^1,1 + ^3,1^.1^2,1^1,2^,2 , 

^ \"\i"v — 777 ? 

6(xi - £ 2 )2/i3,i2/i6,i 

, ^3,1^2,1^3,1^2,1 + ^3,1^,1^3,2^2,2 + ^1.2^2.2^1.1^2,1 , 

H w r ■ ■ [ ■ dxi . 

6(Xi - £2)2/13,12/16,1 



When the x-coordinates of Pi and P2 differ, it obvious that it does not diverges. When the 
^-coordinates coincides but Pi and P2 differ, some of 103,1, u> 2 ,i, and vbz,i differ from u> 3)2 , 
u> 2 , 2 , and u>3 )2 . Then the numerator vanishes to order higher than two when expanded in 
the local parameter. X( 12 )(Pi,P 2 ) diverges only at infinity. □ 



The following holds for smooth X i2 ; 



Proposition 4.5. There exist differentials v 1 - 1 ' 12 = ' 12 (x,y) (j = 1,2, ••• ,12) of the 
second kind such that they have their only pole at 00 and satisfy the relation, 



(4.14) 



where 



d Q ^(P,Q)-d P ^(Q,P) 

= £(V ;12 (Q) ® ^ ;12 ( p ) - ^ ;12 ( p ) ® ^m). 



i=l 



(4.15) d Q £ (12) (P,Q) :=dx P ^dx Q ^-^ 12) . 



dx ( , 

11:12 11:12 II\12^ 



The set of differentials {v 1 ' , v 2 ' , ■ ■ ■ , f 12 ' } is determined modulo the C-linear space 



spanned by (z/J' 12 ) J= i 
Proposition 4.6. The differentials of the second kind are given by, 
ui 1 ' 12 = -(23a; 5 + (19Af } + 18A< 3) + 20AfV + (UA^A? + lSA^A^ + lGA^A^ 
+ 13Af + 15A? ) + 17A? ) )x 3 

+ (lOA^A® + 9A( 3) A[ 2) + lOAf A[ 2) + 12AfAf } + 12Af } A 2 2) + 13A< 2) A< 2) 
+ 8Af + HAi 3) Al 2) Ai 2) )x 2 

+ (4Af A[ 2) + 5AfA 2 2) + 5Af AS 2) + 7A 2 3) A 2 2) + 9X (2) X (2) + 6Xfx?X? 
+ 8Xf ) X? ) X {2) + 7XfX 2 2) X? ) )x 

+ 3A 2 3) AS 2) A4 2) + AX?X {2) X {2) + 2AfA 2 2) AS 2) + X^X^X? + 2X?X {2) )dx/Qy 13 , 
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,12- 



v ^ = _(i7x 4 + (13A[ 2) + 12AS 3) + UX?)x 3 

+ (10A< 2) A< 2) + 9Ai 3) AS 2) + 8AS 3) aS 2) + 11A? > + 9A< 2) + 7A<V 

+ (7AS 2) Af } + 6XfX { 2 2) + 4A?>A? ) + 6A^ 2) A^ + + 3A?>A? 

+ 2Af + 5AS 3) Ai 2) AS 2) )x 
+ AS 3) AfAS 2) + 2AS 3) AS 2) Af + 3A?>A< 2) + X ( 2 3) X { 2 2) )dx/6y 13 , 



= {llx 3 + (6AS 3) + 7AS 2) + 8AS 2) )x 2 + (4AS 2) AS 2) + 3AS 3) A[ 2) + 2A$ 3) Af ) 
+ X 2 3) + 3X { 2 2) + 5Af )x - 3A^ 3) AS 2) + X^xf^dx/Qy^ 
-((8x 3 + (4A[ 2) + 6A[ 3) )x 2 + (2AS 3) AS 2) 4Af)x + 2Xf] s jdx/^ 



77:12 



vl 1 > 12 = -(gx 3 + (6Aj 2) + 6AS 3) )x 2 + (3AS 3) Af } + 3A< 2) + 3Af)x)^/6y 15 , 

-(W + (8Aj 2) + 6Aj 3) )x 2 + (4AS 3) AS 2) + 2Xf + 6A^ )x + 2X? X^dx/Qy^ 



77:12 



/7 6 



^9 



V 77;12 = - (7x 5 + (6Ai 3) + 5Ai 2) + 4AfV 

+ (3Af + 3AS 3) aS 2) - Xf + 5Af + 2AS 2) AS 2) + AXfx {2) )x 
+ (Xfh?X? + 2AfAi 2) + 3AfAS 2) + 2Xfhf + 4A<V 
+ (-2Af Af) - A?>A?> - A?Af)))^/6y 132 / 16 , 

f ;12 = -(5x 2 + (2AS 2) + AS 2) )x)/6 2/1 3, 



'g 7 ' 12 = — 2x 2 <ia;/67/i4, ^io' 12 — — 3a; 2 <ix/6?/i5, ^n' 12 = — (2AJ 2 £ + 4a; 2 )(ia;/6yi 6 , 

77:12 4 / c 

^12 = /%13?/16- 

Proof. By denoting the numerator in (I4.12p and (I4.13P by denoted by 

A(Pi, P 2 ) := 2/13,12/16,1 + 2/13,22/16,1 + 2/13,12/16,2 + 2/14,22/15,1 + 2/l4,l2/l5,2 + 2/14,22/15,2 
= ^3,1^2,1^2,1^3,1^2,1 + ^3,2^2,2^2,2^3,1^2,1 + W ^ W l,l^l,l W t,2 W l,2 

+ ^3,1^2,1^3,1^2,1 + ^3,1^2,1^3,2^2,2 + ^3,2^2,2^3,1^2,1 
= W 3,1 W 2,1^2,1 + W^ 2 wl a wl 2 wl x w\ x + W 3A wl ,1^2,1^3,2^2,2 

+ W 3,2 W 2,2 W 3,1^2,1 + ^3,1^2,1^3,2^2,2 + ^3,2^2,2^2,1; 



we have the equality, 

dE^(P u P 2 ) d£( 12 )(P 2 ,PO 



(4.16) 



dx 2 dx\ 

_ (2/13,22/16,2^ (Pi, P2) - 2/i3,i2/i6,i^4(P2, Pi))/ {xi - x 2 ) 

(Xi - X 2 )2/13,12/16,12/13,2Z/16,2 

2/13,11/16,1 ^ r 2/13,22/16,2 3^ 

(Xi - X 2 )2/I3,l?/I6,l2/13,22/16,2 



We must evaluate the numerator of ( 14. 16ft which is denoted by B(P\,P 2 ). The former 
terms are written by, 



2/13,22/16,2 A(Pi, P 2 ) - 2/l3,l2/l6,1^4(P2, P 



= ^3,2^2,2^2,2^3,1^2,1 + ™3,l™2,l™|l™3,2 W 2,2 W 2,2 3 + W 3,2 W 2,2^2,2 W 3,1^2,1 
+ ^3,l^ 2 ,l^3, 2 ^ 2 , 2 ^ 2 , 2 + ^3°2^2,2^2,1 ~ ( P l P 2) 

= 2/16,1^3,2^2,2^2,2 + 2/l3,l2/l5,2&3,2&2,2 + 2/13,22/15,1^3,2^2,2 + 2/14,12/14,2^3,2^2,2 
+ 2/16,2^3,2^2,2^2,1 ~ (Pl Pi) 

= 2/16,1(^3,2^2,2^2,2 ~ h,lh,lh,l) + 2/16,2(^3,2^2,2^2,2 ~ ^3,1^2,1^2,l) 

+ (2/13,12/15,2 + 2/l3,22/l5,l) (h,2 k 2,2 ~ h,lh,l) + 2/14,12/14,2(^3,2^2,2 ~ k 3)1 k 2) l). 

Here fc a ,& '■= k a (xb), and k 2 ,b '■= k 2 (xb) for a = 2, 3 and 6 = 1,2 and fc' := dk/dx. We 
reinforce that these are expressions in the affine coordinates x's and y's, in other words 
the w's in these expressions, which are algebraic over the ring P 12 , appear only within 
algebraic combinations which belong to Pi 2 . 

The differential terms of (I4.16P are given as follows: 



^ 2 ,n 54,3/ / 1 ,/ 2 -3 2 -3 2 6 t 

62/13,22/16,2 ~ = ^ 3 ,2^2,2 W 2,2 ( 2/l6,l ( ^^3,2^2,2^2,2 + W 3,2^k 2 ,2 W 2,2 + ^3,2^2,2^3"^ 

/ 4 ,/ 2 . 4 2 ,/ A . / 2 4 2 4 

+ 2/13,1 ~^-k 32 W 22 + W 32 — r k 22 + 2/15,1 -^%2 W 2,2 + W 3,2^- fc 2,2 
Vw 3,2 W 2,2 7 Vw; 3,2 ' W 2,2 



= 2/16,1^3,2^2,2^2,2 + 2^3,2^,2^2,2 + 3^3,2^2,2^2,2^ 

+ 2/13,12/15,2 ^4/c 3>2 /c 2 , 2 + 2k 3t2 k' 2 ^ + 2/15,12/13,2 (2/4,^2,2 + ^h )2 k' 2 ^ + 2/14,12/14,2 (3fc 3)2 fc 2 , 2 + 3A; 3i2 



+ 2/16,2 (5k'^ 2 k 2)2 k 2)2 + 4^3,2^2^2,2 + 3 fc 3 , 2 ^2,2 ^2,2 J ■ 
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dA(P 2 ,P 1 ) dA(P u P 2 

02/13,22/16,2 ~ h DJ/13,12/16,1 



<9x 2 ' ' dx 2 

= Z/16,1 (^3,2^2,2^2,2 + 2^3,2^,2^2,2 + 3^,2^2,2^2,2 + 5/4,l&2,l&2,l + 4fc 3j i fc 2 ,i fc 2 ,l + 3/^3,1^2,1 ^2,l) 

+ 2/13,12/15,2(4^2^2,2 + 2h,2k 2t2 + 2^3,1^2,1 + 4A; 3 ,i^ 2 ,i) 
+ 2/15,12/13,2 (2^2^2,2 + 4fc 3 , 2 A; 2i2 + 4/c 31 A;2,i + 2/c 3 , 1 A; 2 , 1 j 

+ 2/14,12/14,2 (3^,2^2,2 + 3/^3,2^2,2 + 3/c 3 ,l&2,l + 3/c 3 ,l^ 2 ,l) 

+ 2/l6,2(5A;3,2^2,2^2,2 + 4^3,2/^2,2^2,2 + 3/^3,2^2,2^2,2 + ^3,1^2,1^2,1 + 2/^3,1 ^2,1^2,1 + 3 fc 3 , ! fc 2 ,l fc 2 , 1 ^) • 

Letting the terms of B(Pi, P 2 ) be denoted by 

S(Px, P 2 ) = y 16ll B 16 (P u P 2 ) + 2/13,12/15,2513,15(^1, P 2 ) + yu,iVu,2Bu(Pi, P2) 

+ 2/13,22/15,1-Bi 3 ,1 5 (-P2, ^l) + yi6,2B 16 (P 2 , Pi), 

where I?i 6 , -813,14 and -B15 are rational functions of Xi and x 2 , we evaluate: 



R CP p \ _ (^3,2^2,2^2,2 ~ ^3,1^2,1^2,1) , / , f 9 , ,/ f „, , 

-D16V-T1, -T 2j — r /%, 2^2,2^2,2 + ^3,2^2,2^2,2 + '3^3,2^2,2^2,2 

Xi X2 



Pi3,i 5 (Pi, P 2 ) = fc3 ' 2A:2 ' 2 ~ fc3 ' lfc2 ' 1 + 2^,2^2,2 + 4A; 3 , 2 A;2,2 - 4^2,1 - 2^2,1, 

Xl X2 

and 

Bu(Pi, P 2 ) = — ; — + 3/c 3j2 ^2,2 + 3/^3,2^2,2 — 3^3,1^2,1 ~ 3/C3,i& 2 ,i- 

Xi X2 

We are concerned with B(P\, P 2 )/(xi — x 2 ) and thus compute 
y 1 '? = -7^+ ( - 6Af } - X! - 5AS 2) - 4AS 2) )4 
+ (5x 2 + (2AS 2) + Ai 2) )x! - 3A 2 2) - 3A< 3) A< 2) - A? } - 5A? } - 2AS 2) A( 2) - 4A? ) AS 2) )x 2 ! 
+ (llx? + (6A[ 3) + 7Aj 2) + 8Aj 2) )x 2 + (4AS 2) AS 2) + 3A< 3) A< 2) + 2A^ 3) aS 2) 
+ Af + 3Af + 5Af ) Xl - A< S) A< 2) A?> - 2AfAS 2) - 3A 2 3) aJ 2) - 2A; 3) A< 2) 
+ A< 2 >A?>-4A< s >)s| 
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+ (l7xi + (13AS 2) + 12AS 3) + U\f y )xl 

+ (10A< 2) A< 2) + 9Ai 3) AS 2) + 8AS 3) Ai 2) + 11A^ + 9A< 2) + 7Af):r 2 
+ (7AS 2) Af + 6A< 3) A< 2) + 4AS 3) Af + 6A< 2) A< 2) + + 3A< S) A< 2) 

+ 2Af + 5Ai 3) Ai 2) AS 2) )x 1 

X (3) X (2)C(2) 9X (3) X (2)C(2) o X (2)C(2) 9X (3K(2) . (3), (2) 
' "1 / *2 ^1 ' ^"^\ ^1 ^2 ' *^^2 ^2 — ^3 ^1 — / '2 ^2 



+ 23x1 + (19A? ) + 18AS 3) + 20AS 2) )^ + (14Af ) A? ) + 15Af } A? ) + 16Af ) Af ) 
+ 13Af + 15Af + lf\ { 2 ] )x\ 

+ (10A< 3) A< 2) + 9AfAS 2) + 10A< S) A< 2) + 12A^ 2) AS 2) + 12A; 3) A^ 2) + 13A< 2) A< 2) 
+ 8Af + HAi 3) Ai 2) Ai 2) )^ 

+ (4Af AS 2) + hXfxf + 5Af AS 2) + l\f X? + 9A< 2) A< 2 > + GA^^A^A^ 
+ 8AS 3) AS 2) A( 2) + 7AS 3) AfAS 2) )a; 1 

, oU3)U2)U2) 4X (3) X (2)C(2) 9 . (3) , (2) t (2) .(3), (2)? (2) 9 \(3K(2) 
~t~ 0A2 /\j A2 ~T~ ^2 ^2 "r" ^^2 "2 ^1 "r" ^3 1 ^1 ' ^3 ^2 " 

El3 ' 15(Pl ' P2) = -8*i + (-4AS 2) - 6AS 3) - 2*0*2 + (-2A< S) A< 2) + 2AS 2) *i - 4A? } + Ax\)x 2 

(*1 — X 2 ) 

+ 10*? + (8Ai 2) + 6A®)* 2 + (4AS 3) aS 2) + 2Af + 6A< 2) ) Xl + 2A? >A< 2) - 2A< 3) , 
= _ 9a; 3 + ( _ 6 Xf) _ 3^ _ Q X f )xl + (3* 2 - 3Ai 3) AS 2) 

(*1 -x 2 ) 

- 3Af - 3Aj, 3) )* 2 + 9x1 + (6Ai 3) + 6X? ] )xi + (3X { 2 3) + 3Xf r X (2) + 3X^) Xl . 

By these results we obtain the z/ 77;12 's in the statement. □ 
Corollary 4.7. (1) The one-form 

U^pI(P) := ^ 12 \P,P 1 )dx-^ 12 \P,P 2 )dx 

is a differential of the third kind, whose only (first-order) poles are P = P\ and 
P = P 2 , and residues +1 and — 1 respectively. 
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(2) The fundamental differential of the second kind f^ 12 )(Pi, P 2 ) is given by 

^ 12 )(P,p 2 ) = d P2 ^(p h p 2 ) + ^ 12 (p 1 ) ® ^ 12 (p 2 ) 

(4.17) i=1 

_ p( 12 )(Pi,P 2 )^i®cfa 2 

(xi - x 2 ) 2 6 2 yi3,p 1 yi6,p 1 yi3,p 2 yi6,p 2 ' 
where is an element of R\ 2 ® R\ 2 . 
Lemma 4.8. We have 

(4.18) lim ri2 f 12)(Pl,P2) = rf 2 2) (P 2 ) = 4 2 - 

For later convenience we introduce the notation: 
-Pi 



-/P 2 ^Q 2 

= r i (s( i2 )(p,Q 1 )-^(p,Q 2 ))+f: r# 2 (p) r ^{p). 

JPi „-_i ^P 2 -/Q 2 



5. The sigma function over (3, 7, 8) and (6, 13, 14, 15, 16) curves 



5.1. Legendre relation. In this section, g will be 4 or 12. In the monomial notation, 
as there were two conventions for and Xi 2 , will be 0^1 for g = 4 and for 
2=12. 

We write the periods: 



(5.1) 



W 9) ' V (9) "} ■= J 







1 


1 t 



i,j=l,2,- ,g 



Let Tn n be the normalized differential of the third kind that has residues +1, —1 at 

Qi, Q 2 , is regular everywhere else, and is normalized, J a Tpn = for every i |FKl III. 3. 5]. 
The following Lemma corresponding to Corollary 2.6 (ii) in |Fay| holds: 



Lemma 5.1. 



Pi,p 2 

Qi,Q 2 



/•Pi 9 .Pi 



Qi 



Q 2 
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Proof. dp 1 Vl^Q^ 2 — TqIq 2 must be expressed by the linear combination of the holomor- 
phic one forms. Noting Jp^ t q^q 2 = Iq^ t PiP 2 |FK| III. 3. 5], 7^ is symmetric. Due to 
(EH and (EES]) , 



(E(P 1 ,g 1 )-E(P 1 ,Q 2 ))+£;^ 9 (P 1 



7/ 



(9) ,/;<?/ 



By choosing an appropriate path T from Qi to Q2, homotopic to ajf , we have (rj^'v 1 ' 9 ) 1 



(<?) 



Q2 



7 (ff) . ( w (jV»)', 



□ 



The following Proposition provides generalized Legendre relation |B1[ IBLE1[ IBLE2] . 
which determines a symplectic structure in the Jacobian |Pol Chap. 3,4]. 

Proposition 5.2. (generalized Legendre relation) The matrix, 

2c»' 2c>)" 



(5.2) 
satisfies 
(5.3) 



.1/ 



M 



*M = 2ttv / ^T 



-1 



Proof. By comparing Lemma 15.11 and, (13. 14ft in Corollary 13.121 and (I4.17P in Corollary 
14. 7\ we choose appropriately (2 g) 2 paths and take the integrals along these paths. For 
example, for 



Pi 

1 

P2 



e(p, go - e(p, g 2 )) + E / ^(P) / ^(P) 



Qi 



Qi 



T, 



9) + V 

>i,p 2 + 



7i 



P2 



Qi 



P,9 



the contour of Qi to g 2 along a*, gives 



i=l ^ 2 i, 7=1 ^ 



and further contour integration provides 
Q 2 along gives 

9 rPi 



Pi 
Pi 



„l;g. 



The contour of g x to 



V 9), ~W + e 7 , 

*J=1 



Pi 



P 2 



which, in view of the contour integral, turns out to be 

*(*w (9)/ y^") = 2^^! + (V^" 7 (s) w (s) "), 
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Here we use J T^ Qa = 2ttV=T f£ 



(g)>-l u I;g} k ^ IH.3.5]. 



□ 



5.2. a function. By the Riemann relations [ Fay | , it is known that Im 

) is 

positive definite. As in Theorem 1.1 in |Fay| , let 



(5.4) 



5 :-- 



5' 
5" 



l^\ 2 9 



be the theta characteristic which is equal to the Riemann constant with respect to the 
base point oo and the period matrix \2u^ 9 '' 2lo^ 9 '"\. 

We define an entire function of (a column- vector) u = \Ui, ■ ■ ■ , u g ) G <C g , 
(5.5) 

a^{ u ) = a {9 \u]M) = a {9 \ Ul , u 2 , . . . , u g ; M) 

1 % l ^9)l l .,{ 9 )l- l u )$[8] (lu^U; LU^LU^") 



cexp^— 2 ur\^' tu 
cexp(-i 



u 



x exp [tt 

where c is a certain constant of a rational of 6's. 

For a given u G C 9 , we introduce u' and u" in MP so that 

u = 2c>V + 2u {9) "u". 

Proposition 5.3. For u, v G C 9 , and £ (= 2co {9) '£' + 2u {a) "£") G A, we define 

L(u,v) := 2 + rj"v"), 

X {£) := exp[7T V /r T(2(Y(5 // - W) + H'i")} (G {1, -1}). 

The following holds 



(5.6) 



a (3)(u + £) = a (9) {u)exp{L{u + ^-£,£))x(£). 



Proof. The proof is standard, noting that 

cr^) is associated to the normalized theta func- 
tion in Chapter VI of jL]. □ 

Remark 5.4. Following a formula proven for the rational/polynomial case by Buchstaber, 
Leykin and Enolskii [B EL2] , in |Nal] Nakayashiki showed that the leading of the a function 
associated with (r, s) curve is expressed by a Schur function by normalizing the constant 
factor c. We also expect that 



aM(u) = S A (T)\ TAi+g _ i=Ui + Y, 



a a u 
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where a a G Q[b\, ■ ■ • , be] for £ — 5 for X 4 and £ = 7 for X 12 , a = aii • • • a g and u a = 
U T ' ' ' u< 9 9 ■ Here for a Young diagram A, S\ and sa are the Schur functions defined by 

s A (T) = s A (t), n-. l^S*. 

The vanishing locus of is: 
(5.7) Q 9 ' 1 = {W 9 - 1 U [-1]W 9_1 ) = W s_1 . 

The last equality is due to Proposition 15.3} which shows that is an even or odd 
function under the action of [—1]; the reason for introducing W s_1 U [— 1]W 9_1 is that 
the analogous loci when (7 — 1 is replaced by k play an important role and W fe is not 
[—1] -invariant in general. 



5.3. The Riemann fundamental relation [R]. We review a relation which we call the 
Riemann fundamental relation [R], |Blt §195]: 

Proposition 5.5. For (P,Q,P U P[) E X 2 x (S 9 (X) \ Sf(X)) x (S 9 (X) \ Sf(X)), 

i=l i=l 




. _ a^{u{P)-u)^{u{Q)-v) 
1 1 7 ■ - 1 " a(9)(u(Q) - u )a(9)(u(P) - v ) 

_ g( 9 )(u(P)-u( Pir .. ,P g ))a^(u(Q)-u(P[ r .. 

aM{(u(Q) -u{Pi,---, Pg))<rW(u(P) - u(P{, ■■■iP' g )Y 

Proof. The right-hand side can be expressed as 

{u^'-\u{P) - u) + ZrMljW^MQ) -v) + U) 



exp (bilinear term in iy's) 



e(uW-i(u(Q) - u ) + u)e(u><*)'-i(u(P) - v)) + ' 



where £r is the Riemann constant. By Riemann's theorem for theta functions |Fay[ p. 23], 
the above becomes 



exp (bilinear term in u>'s) exp ( J 



The exponential part of the bilinear term is given by, 




(u - vYj^(u(P) - u(Q)) = /_. ^ 9 i 
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which equals (Lemma (15. ip ) 



i=l i=l JC * 



The above integrals depend upon the paths we choose, but (15.61) shows that such depen- 
dence cancels. Thus the right-hand side coincides with the left-hand side. □ 

Proposition 5.6. For (P, P u . . . , P g ) e X X S 9 (X) \ Sf(X) and u := u(P x , ...,P g ), the 
equality 

± pg (hp) - u) ^ap^Up*) = F ^f:l 

i,j=l a > 

holds for every a = 1, 2, . . . , g, where we set 

« . = _ g< "'(u) g j"( M )- g <.>( M ) g g»(u) = 

Here for g = 4 case, (jJf^ is interpreted as (f)^\ .. 

Proof. For the case X 4 , using the relation ( 13. 8 p and taking logarithm of both sides in the 
Riemann fundamental relation and differentiating along Pi = P and P 2 = P a , we obtain 
the claim. Similarly we have the result for the case X 12 using (14. lip □ 



6. Jacobi inversion formulae for (3, 7, 8) and (6, 13, 14, 15, 16) curves 



In this section, we will consider a Jacobi-inversion type formulae associated with X 4 
and X 12 . 

6.1. The jj!^ functions over (3, 7, 8) and (6, 13, 14, 15, 16) curves. In this subsection, 



g will be 4 or 12, and (fi^ 9 > accordingly 



j(4) 
'Hi, 



j(4) 



or 0( 12 ). In [MP08], we introduced 



meromorphic functions on the curve, reviewed here in Definition I6.1[ which generalize the 
polynomial U in Mumford's (U, V, W) parameterization of a hyperelliptic Jacobian (which 
he attributes to Jacobi) [Mum]. 

For the definition of the function /x's, we introduce the Frobenius-Stickelberger (FS) 
matrix and its determinant following |MP08j . Let n be a positive integer and P\, . . . , P n 
be in X g \oo. As in f !3.Tj) and (I4.10p . we define the t-reduced Frobenius-Stickelberger (FS) 
matrix by: 



¥f\p 1 ,p 2 ,...,p n )-, 



W(P 2 ) 



da) 



( P 2 



i 9 \p x 

d9) 



{9)( 



i 9 \Pn) 



dg) 



dg) 



( P 2 



(Pn 



i 9 \p 2 



da) 



{Pn)J 
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and ipn' e \Pi, P2, . . • , P n ) '■= det ^n' £ \Pi, P%, . . . , P n ) (a check on top of a letter signifies 
deletion). It is also convenient to introduce the simpler notation: 

^\P U ...,P n ):= det(tfj?*>(Pi, . . . , P n )), <?>(Pi, . . . , P n ) := . . . , P„), 

for the un-bordered matrix. We call this matrix Frobenius-Stickelberger (FS) matrix and 
its determinant Frobenius-Stickelberger (FS) determinant. These become singular for 
some tuples in (X 9 \oo) n . 

Definition 6.1. For P, P ± , . . . , P n G (X g \oo) x SS n {X g \oo), we define fi ( n g \P) by 

^\P) ■= Pi, , Pn) ■= Km ^ —/nUK ...,Pn,n 

P i-> P i'lpn y '{Pl,...,P n ) 

where the P[ are generic, the limit is taken (irrespective of the order) for each i; and 
^ k (P 1 ,...,P n ) by 

n—l 

^\P) = <M{P) + E(- 1 ) n_ VS(A, • • • , Pn)^(P), 
fc=0 

with the convention /i^(P 1; . . . , P n ) = 1. Let fi^l be //^ /or 0^ /or a = 0, 1. 

Meromorphic functions, viewed as divisors on the curve, allow us to express the ad- 
dition structure of PicX g in terms of FS-matrices. For n points (Pj)i=i,..., n G X g \oo, 
we find an element of R associated with any point P = (x,y) in (X g \oo), a n (P) := 
a n (P; Pi, . . . , P n ) = X^r=o a «0i(-P)) G C and a n = 1, which has a zero at each point Pj 
(with multiplicity, if the Pj are repeated) and has smallest possible order of pole at 00 
with this property. a n can be identified with /i^, n for X 4 and /A 12 - 1 for X 12 . 

On X4, instead of the pole condition on elements of iJ°(X 4 \ 00, Ox 4 ), we impose an 
alternative condition to determine a polynomial a H i n = Y17=o a i4>^H 1 S-P)i a « G C and 
a n = 1, namely to have a (possibly multiple) zero at each point Pj and smallest possible 
degree to match the order of pole of dx/3y 7 y s at 00; a H i n can be identified with n , 

in fact ^ H — — does not have a singularity over X \ 00 whereas ^ H — — does. 
32/72/s 3t/ 7 j/ 8 

For a n for X g (g = 4, 12) and a H i n for X 4 and N^(n) (N$(n), N$(n)> iV( 12 )(n)), we 

have the following lemma. 

Lemma 6.2. Let n be a positive integer. For (Pj)i=i j ... )ri G SS n (X\oo), £/ie function a n 
over X g induces the map (which we call by the same name): 

a n : SS n (X g \oo) SS^^iXg), 
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i.e., to (Pi)i=i t ... t n G SS n (X g \oo) there corresponds an element (Qi)i = i t ,„ t N(s)( n )-n e SS N 3 ^ "(A 7 ^), 
such that 

n 7V(9)(n)-n 

^ Pi - woo ~- Qi + (N i9) (n) -n)oc. 

i=l i=l 

We want the preimage of a n to include the base point oo. For an effective divisor D in 
SS n (X g ) of degree n, let D' be the maximal subdivisor of D which does not contain oo, 
D = D' + (n — m)oc where degD' = m(< n) and D' G SS m (X 9 \oo). Then we extend the 
map to a n by defining a n (D) = a m (D r ) + [iV^(n) — n — (Nb)(m) - m))oo. In [MP09j . 
we use the following relation as the Serre duality but due to Remark 13.51 the expression 
should be modified for X 4 . 

We see from the linear equivalence of Lemma 16.21 

Proposition 6.3. For a positive integer, the Abel map composed with a n (/i*- 12 * 1 for Xyi 
and /x^o for X 4 ) ; and Offi n for fi^l induce 

L n :W n ^ # (s)(n) " R , 

and 

t H i n : W 1 ->• W N< $ {n) - n . 

Let image(t n ) be denoted by [— l]W n , especially i g : W 9 — > [— 1]W 9 . Noting for n> g, 
L g o L n gives the Abel sum 

W n ^ W 9^ W ff ( ^p 1; . . . ; Pn ) = £(Q 1; . . . , Q g )) mo dA. 
In particular, the addition law on the Jacobian is given by i g o i 2g 

J^ W 9J^ W9? (^( Pl) ..../>,./>.' p;) = fi(Q 1? . . . , Q 9 )) modA. 

For X 4 , every n, N^l(n) — n > g = 4 and thus, 

which also gives [-1] of W n ->■ [-l]W n C W4. 

Similar relations hold for //Si- We now state the main theorem on the a- function in 
the present work. 

6.2. Jacobi inversion formulae over B fc . 

Theorem 6.4. (Jacobi inversion formula) 

(1 ) For (P, P x , - ■ • , P 4 ) G X 4 x S 14 (X 4 ) \ S' 1 4 (X 4 ), we have 

(a) ^\ A (P; P 1; . . . , P 4 ) = 0$ 4 (P) - E- =1 pS } (fl(Pi, ■ ■ ■ , P4))0gl i _ 1 (P). 

W pS +1 («(Pi, • • • , P 4 )) = (-1) 3 -Vg } x 4 fc (Pi, • • • , P 4 ), (* = 0, . . . , 3). 

(2) For (P, Pi, ••• , Pi 2 ) G X 12 x S 12 (X 12 ) \ Sfp^), we W 
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(a) /igftP; Pi, ... , P12) = &{P) ~ Ejii pSSWi, • • • > A 2 ))4 12 J(P). 
W pgtuWi, • • • , P12)) = (-l) 12 - fc - V!S(A, . . . , P U ), (* = 0, . . . , 12). 
Proo/. Same as in |MP081 Prop. 4.6]. □ 
We introduce 

(6.1) & k := W k U \-l]W k . 

Theorem 6.5. The following relations for /jrS to X±, and for to X12 hold. 
(1) Q9 case: f or (P 1; . . . , Pg) G S°(X B ) \ Sf(X g ) and u = u(P u . . . , P g ) G K' 1 ^), 



9i K»)»~K») _ ( _ U g+l-i,(9) 



a(9) 2 ( u ) 



-l) 9+i "VXti(A,...,P 3 ), /orO <*<</. 



(2) e^ 1 case: /or (Pi, ... , P g _i) G S^pQ \ S? _1 (X fl ) and u = ±u(P u . . . , P g _i) G 

K-^e^- 1 ), 

g£W = /(-l)^^-i,i-i(Pb • • • , P g -i) for0<i<g, 



4 g \u) I 1 fori = g. 

(3) & k case: for (P h . . . , P k ) G S fc (X 9 ) \ S\(X g ) and u = ±u(P 1: . . . , P k ) G « -1 (© fc ), 
r<»>^ f (-1)*^Vm-i(Pi, • • • . ft) A>r < i < *, 



( 9 ) ; s = i 1 for i = k + 1, 

a k+iW I fork + l<i<g. 



Proof. Essentially the same as in |MP08l Th. 5.1]. □ 
We should note that for k = 1 case, we have 



(12), 

III 

-x, for (2,2/13,2/14,2/15,2/16) e X 12 . 



°i _w 

(To (U) 



7. Configurations of Curves and Monstrous Moonshine 

We highlight some relationships between the curves X 4 and X 12 , and an additional 
smooth curve X 4 of genus 4, with affine plane model of type (3,4), and their algebraic 
functions; the degrees of these functions and of the differentials on the curves are related 
to numbers that appear in the Monstrous Moonshine. The idea for relating the curves is 
to factor out a (local) group action; this will be achieved by retaining only some of the 
functions in the affine rings of the curves, and manufacturing the relations they satisfy. 
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7.1. Covering spaces of (3,7,8), and (6,13,14,15,16) curves. We will relate to X 12 
certain covers and subcovers, with the goal of presenting observations on symmetries, 
acting on algebraic or transcendental functions, that appear to be related to the Monster. 

First we should note that by sending y 7 and y$ to yn and yiQ, the relations /i2,4, /i2,7 
and /i2,9 for X\ 2 map to /i 4 , /15, and f\§ for X 4 , respectively. Hence X i2 has a natural 
projection to X 4 . More precisely, X\ 2 is a double covering of X 4 as mentioned in the proof 
of Proposition 12.11 

The Jacobian has 120 odd and 136 even 9 characteristics for a total of 2 8 = 256. 
Coble [UJ Ch. 5] identified several group actions on the characteristics and Vakil [V] 
introduced an Eg action. This sporadic group plays a role in the representation of the 
Monster |CNj . Through the double covering X 12 over X 4 , the basis of the tangent space 
of is naturally embedded in those of J {12 \ 1 : TJ^ ■=— >■ Tj( 12 \ 

1 / /;4\ 7:12 1 / I;4\ I;12 1 / IA\ J;12 1 / I -As 1:12 

We have also have morphisms X 4 — > X 6 and X 4 — >■ X 7 . Similarly X 12 admits projec- 
tions, from X\ 2 to X 4 , Xg, X7 and the following two further curves X 2 and X30: 

(1) a hyperelliptic curve X 2 of genus two given by /i 2) g = j/f 5 — fc2(^)^3(^), and 

(2) a (6, 13) singular curve X 30 of genus 30 = g({6, 13)) given by yf 3 —k 2 (x) 3 k 2 (x) 2 k 3 (x). 

As we showed in (14. 6p . we also have the natural projections from the affine curve C\ 2 
to the affine curve C\ 2 C X 12 , where C\ 2 := Spec R\ 2 and C\ 2 := Spec R\ 2 . Since i? i2 is 
decomposed as C[x]-algebra; 

R 12 = C[x,w 3 ]/(wl - k 3 (x)) ® c[a .] C[x,tw 2 ]/(iwf - fc 2 (^)) ®c[x] C[x,w 2 }/(w 6 2 - fc 2 (aO), 

C12 is can be viewed as a fiber product of C\ x c C x c C , where C := Spec C[x], C\ : = 
Spec C[x, w 3 \/ (w 3 —k 3 (x)), C := Spec C[x, w 2 ]/(w 2 —k 2 (x)) and C := Spec C[x, w 2 }/ (w 2 — 
/■••'(.''!). 

Additionally, C12 has a projection to C 4 := Spec R±, (Ci 2 — > C 4 ) where 

# 4 := C[x,y 4 ]/(yl - & 3 (x)A; 2 (:e)) 

by identifying w 3 w 2 with y 4 as in (14. 4p . i.e., y 4 := w 3 w 2 . This curve C 4 is birational to 
the sextic affine curve C' 4 for w 3 = Yli=o( z ~ c i) which is transformed by, 

1 1 # 4 1 
— + Cq, w := — = =- -7T, Ci := — + c , 



X — Cq 3/ tt5 /, \ — C J Oj — C 



-n i= i(^- c o 

giving local coordinates at 00 for the Riemann surface X 4 = C 4 |J C* 4 . The Jacobian 
of X 4 also has 256 theta characteristics, the order of (Z/2Z) 8 , which Coble stated [Cj 
p. 210]. It is known that the reflection group of E 8 is related to algebraic curve of genus 4 
and degree 6 via Del Pezzo surface and these theta characteristics |Man[ IZ] . The surface 
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y 3 = x 5 + q 2 , which has the Du Val singularity and is also connected with E 8 and McKay 
correspondence P iDPTl ISH I5t] . 

7.2. Numbers 10 and 19 in L(6, 13, 14, 15, 16) and Norton Numbers. Our first 
remark is that the complementary sequence of the sub-semigroup Hyi of the non-negative 
integers N generated by M 12 := {6, 13, 14, 15, 16}, namely the Weierstrass semigroup of 
X\i at oo, is 

L(H 12 ) := {1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 17, 23}, 
while the Norton sequence is given by [FMN] IMcK} IMSl INoj (see Appendix A), 

{1,2,3,4,5,7,8,9,11,17,19,23}. 

The sequences differ only by the elements 10 and 19. Using the covering Ci 2 of C12, we 
notice that the order of pole of the denominator of the holomorphic one form (14.71) of X12 
decomposes as 10 + 19: 

wt i — - — ) = wt | — — ) = wt ( . '". , I = 10 -h .10. 



V\zV\%J \VuVi5j \wlw^w\ 



because wt{w 2 w 2 ) = 10 and wt(wlw 2 wl) = 19 in H°(Ci 2 , 0^ i2 ). This points to the 
significance of the configurations of curves we consider. 

7.3. A similarity between and replicable functions. For a replicable function 
(see Appendix A) 



1 00 



9 i=i 



the coefficients generated by a finite number of h^s, 

ci G Q[/ii, h 2 , h 3 , h 4 , h 5 , h 7 , h 8 , h 9 , h u , h 17 , h 19 , h 23 \ 



plays an essential role in the moonshine phenomena as in |FMN] IMcKt IMS] . The Grunsky 
coefficients h m ^ n of f(q) are defined by [GrJ 



^ \ p- q ) 



and have the property, 

h m ,n ^ Q[^l; h 2 , Il3, /I4, /15, h 7 , h$, kg, hu, hn, h\g, h 2 %\, 



Further it is known that the SL(2,Z) action on replicable functions can be expressed in 
terms of Faber polynomials |MSj . Since r-function solutions to the dKP hierarchy is 
also given by the Faber polynomial |CK] , we hope that the sigma function a*- 12 ) and its 
derivatives may provide information on replicable functions: an integrable system of KP- 
hierarchy can be typically solved in terms of theta, tau, sigma functions |EEG| INa2| IMul] . 
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Remark 7.1. (1) As mentioned in Remark |5.4[ the a'- 12 -' function over C 12 is an entire 
function and is also expected to be expressed by the Schur function. If the moduli 
parameters (61, ... , b 7 ) are polynomials of p and q, it is expected that 

a^\u) - Sy 12 (T)\ T{i)=ti = h m ,nQ m P n 

m,n 

where 

h m ,n G Q[tl, t2, t3, t.4, ts, tj, t&, tg, tio, tn, tn, t^]- 

(2) o"( 12 ) is a generalization of Weierstrass sigma function whereas the Weierstrass 
sigma function plays an important role in |HBJj ; if we consider a certain degenerate 
of the curve X 12 associated with elliptic curves, it is expected that might be 
written in terms of Weierstrass' elliptic a. 

(3) By the Riemann-Kempf theorem, using (14.91) . a suitable derivative of a, cr^,-,^ , 
is a function of {ti,t 2 , • • ■ , t23-AK 12 )(i3-fc)} over an open subset of the subvariety 
K~ x Wk |MP12j . There the other t's of the hierarchy are functions of tj., t 2 , ■ • ■ , t 2 3_Ar(i2)( 13 _ fc ) 
[MP 12]. This is analogous to the fact that for a suitable replicable function, every 

q belongs to a subring Q[hi, ...,hi]oi Q[hi, h 2 , h 3 , h A , h, h 7 , h, h 9 , h u , h 17 , h 19 , h 23 \, 
and some of h's functions of the other /i's, e.g., for j-function case, q G Q[hx, h 2 , h 3 , h 5 ] 
[Mah] . 

(4) For an (n, s) curve, algebraic solutions to the dKP equation exist [MP09J; it should 
be possible to generalize them to curves covered locally by affine patches such 
as X4 and Xi 2 . In other words, let us consider the case that k 2 = k 2 : Then 



n 2) tf 2) = ((Pw 2) ) 2 and for v := y u /y 15 = -r — jt^/^Z — 7T2T over "(^12) C C 12 , 



dt 2a f) / dt, a f) 
we have a X\ 2 curve solution of the dKP equation, 

3d d ( d \ d d 

whose proof is the same as in |MP09j . It is expected that we might have the dKP 
hierarchy for (ti, t 2 , t^, ts, t 7 , t$, tg, ti , tn, tn, t.23). It is noted that J. McKay, and 
A. Sebbar considered the relation between the replicable functions and r-functions 
of dKP hierarchy [MS]- 



A. Appendix: Norton condition 

Let A be a filtered Q ring due to natural multiplication, A = UiAi and AjAi C Ai+j. 
Let us consider q = e 27rv/ ~i T for z G H + := {r G C | > 0} and a function 

/(<?) = q-' + h ig + h 2 q 2 + ■■■ 

where hj G Aj. We also write it /(r) = f(q)- 
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The Grunsky coefficient h m n e A m+n _i of /(g) is defined by [Or 

./ (g) ~/(p) 
P- 9 

and Faber polynomial Ff >n (f) [Sj IFab] is denned by 



^2h min p m q n := log hog- 

in r> ^ 



^ m>0 

where /ii jm = /i m . ^From the definition of Grunsky coefficients, we have these property: 
Lemma A.l. 



j r— 1 s— 1 

^r,s = K+s-l H — ^ ~^ m )hr+s —m—n—lhr, 

T ~~\~ S 



m=l m=l 



These appear in the dispersionless KP hierarchy [CKj . 

The replicable functions are generalization of the the elliptic modular function j(r), 
which is characterized by its expansion and the property under the action of Hecke oper- 
ators T n for every n > 1, 

nT n (j(r))= j(^r)=FfMT))- 

ad=n,0<b<d ^ ' 

This gives SL 2 (Z) action on j. 

The replicable functions were characterized by Norton, as having certain properties 
under the action of the Hecke operators, as members of the finite family of functions 
{/^} given by 



E W 2 ^) =*>,(/«)■ 



ad=n,0<b<d 

Norton considered these actions and characterized the properties of / or the coefficients 

Definition A. 2. When for every case that nm = rs and (n,m) = (r,s), h n ^ m = h r s , we 
say that % is replicable. The condition is called Norton condition. 

Example A. 3. (1) h 6 = h 32 = h& + h\h 2 . 

(2) h 12 = h 3A = h 6 + h\h 2 + 2h 2 h 3 + h\h± 

(3) h 10 = h 5:2 = h 6 + + h 2 h 3 

(4) h u = h 7y2 = h$ + hih§ + h 2 h 5 + h 3 h 4 

(5) h 15 = h 3;5 = h 7 + 2h 2 hi + h\ + h^h x + h\h 3 + h x h\ 

The Norton condition is not consistent with the grading of A unless we modify the 
grading, e.g., h_i = 1 with the weight —1. 
Norton prove that [Gu] . 
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Theorem A. 4. For a replicable function f with Fourier coefficients hi, every h n belongs 
to Q[H], where H := \ i e $} and $ := {1,2,3,4, 5,7,8, 9,11,17,19,23}. 



The set of the numbers £ = 1,2, 3, 4, 5, 7, 8, 9, 11, 17, 19, 23 is weakly symmetric except 
for the pair 4 and 10 or the pair 10 and 19 as shown in Table 4. 

Table 4 
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10 
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B. Appendix: Covering of curves 



As the correspondence between an algebraic variety and a commutative ring, we have 
the well-known normalization theorem |Gri[ p. 5, p. 68]: 

Theorem B.l. For any irreducible algebraic curve X C P 2 C, there exists a compact 
Riemann surface X and a holomorphic mapping s : X P 2 C such that s(X) = X and s 
is infective on the inverse image of the set of smooth points of X . Further the Riemann 
surface is unique up to its isomorphism; if there are two Riemann surfaces X and X' 
given by normalizations X , there is a biholomorphic from X to X' . 

Using this theorem, we have the following results: 

B.l. Affine patches for the Riemann surface X&. As in the case of the (n, s) curves, 
X 4 can be covered with two affine patches (for the hyperelliptic case, cf. |Mum] ) . 

Proposition B.2. Without loss of generality, we assume that every b a does not vanish. 
By letting y 7 := (y 7 /x 3 ), y^ := (y s /x 3 ) and x := l/x, 



(B.l) 



14 



Hi 



i8 

v 
y 



V 8 x k 2 (x), l 15 := y 7 y^ - xk 2 (x)^ (x) , 

y 7 xk 3 {x), 



where k^{x) 



[1 — bix)(l — b 2 x)(l — b 3 x) and k 2 {x) = (1 — b 4 x)(l — b^x), 





9 L, 


9 / 14 \ 


dx 


9y 7 


dy 

€s 




9 U 


dx 


9y 7 


dy 


9 L 16 


%e 


< 


\ dx 


dy 7 


on*/ 



whose rank is 2 around (x, y , y ) = (0,0,0). 
Proof. Since is 

yjyxk 2 {x))' 

u t = 1 (xk 2 (x)k 3 (x)y 



2y 7 -xk 2 (x_y 



-k 3 (x) 



12 



h 

%8 



it is obvious that its rank is 2 at (x, y 7 ,y_ g ) = (0,0,0). For the case that (x,y 7 ,y 8 ) ^ 
(0, 0, 0), since the structure is the same as that of Ua, its rank is also 2. □ 

We can define 

R A := C\x,y 7 ,yJ/(l u J 15 J w ), 

and its Spec R 4 . We regard that the curve X 4 whose affine patches are Spec _R 4 and 
Spec R 4 is non-singular. 

B.l.l. Homogeneous ring of X4. By partially following the arguments on the space curve 
in Pinkham [Pi], in this subsection, we mention relations among Spec R±, X±, a homo- 
geneous ring, its Proj, the numerical semigroup H4, and the monomial curve related to 
Ba- 

The coefficient ring is given by := C[&i, 62, 63, 64] and its two projections are intro- 
duced by 

rf) ; £(4) ^ C = £(4)/^ _ ^ _ ^ ~ h _ ^ ^ _ &4)j 

and 

We are now considering 

Rf z) := €P[x,y 7 ,ys,z]/{f<fr\fMfM), 

where for k$ := (x — b\z 3 ){x — i>2Z 3 ){x — b^z 3 ) and k^ '■= (x — biZ 3 ){x — b^z 3 ), 

fu(x, y 7 , 2/8, z) := y$ - y 8 kf' z \ f&' z \x, y 7 , ya, z) := y 7 y s - k ( 2 b ' z \x)kf' z \x), 

fii Z \ x : y^ ys, z) := yl - y 7 kf z \x). 
Then we have ^\fa\x, y 7 , y 8 , 1)) = f a (x, y 7 , y 8 ) and p{j 4) (/<r) = fi Z) for a = 14, 15, 16. 
By letting R± := Rf' z ^ /(z — 1), we have natural homomorphisms, 

Spec B 4 > Spec R± < Spec i? 4 

Spec C > Spec < Spec C 

This shows that Spec -R4 and Spec _B 4 are fibers over the moduli space of pointed curves 
with given Weierstrass semigroup H4. i? 4 is related to the moduli space M.4 of (3, 7, 8) 
curves [Pi] . 

We deal with the projective space by defining R^ := (p^Rf' z \ Here z 3 has the same 
weight as x. The weighted homogeneous ideal in R± due to G™ provides Proj R& . We 
have 

R{ z) /(z - 1) « R 4 , R{ z) /(z) « B 4 . 

Thus we have the unique 00 as a ramified point by letting z = 0, which recovers (13. ip . 
More precisely, Z 3 , Z 7 and Z 8 correspond to z 3 /x, z 7 /y 7 , and z 8 /?/8 whereas x, y 7 and 
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y s correspond to z 3 /x, y 7 z 2 /x 3 , and y$z/x 3 ; for example, the relation / 14 (x, y 7 , ys, z) 
becomes 




around z — 0. Hence we could identify Proj Rf' with X A and the unique infinity point 
oo as z = point, z can be regarded as element of Gm . 

The following relations hold, for functions Wi which are algebraic over the ring i? 4 , 
parametrizations of y 7 and y 8 by 

(B.2) y 7 = w 3 w 2 2 , y s = w 2 3 w 2 , 

where 

(B.3) u>2 = k 2 , w% = k 3 . 

Since R A := C[x,w 2 ,w 3 ]/(w^-k 2 (x),w^-k 3 (x)), = C[x,w 2 ]/(w^-k 2 (x))<S>c[x] C[x,w 3 ]/(w%- 
k 3 (x)), its spectrum has a fiber structure. 



B.2. Riemann surface X 12 and afRne curves. Let us consider another affine curve of 
X\ 2 rather than one in Section 4. As for the (3, 7, 8) curve, we can parametrize this curve 
with two smooth charts; we construct the one that contains oo: 

Proposition B.3. Without loss of generality, we assume that every b a does not vanish. 
Let us define y a = y a /x 3 for a = 13, 14, 15, 16. 

Zi2,i : =UL - *k(x)y 14 , / 12)2 := y 13 y 14 - ^k 2 (x)y 15 , / 12 3 := k 2 {x) y 2 u - y 13 y 15 k 2 (x) 

Zi2,4 '-=y\ ~ ^ 2 (x)y 1( ., l 12 5 := y i3 y m - y^, := - xk 2 (x)k 3 (x), 

Zi2,7 := ^i6 ~ ^ 2 {x)k 3 {x), / 12 g := y i5 y 16 - h{x)y^ := f w - ^(x)^, 

where k 2 (x) = (1 — b e x)(l — b 7 x). For every (x,y ,y ,y ,y ) which is zero of every 

(Zl2 1 o)° =1 >-> 9 ' We haVC 

rank U 12 = 4, W 12 :=^^;/ 12a dy~^L\ 2 , a W^Li 2 , a W^Li 2 , a W^ti2,a) a=1 ■ 
around (x,y 13 ,y u ,y l5 ,y l(i ) = (0,0,0,0,0). 
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Proof. U_ 12 is 
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Dl2 






-(xk 2 )'y i5 
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(^i 2 )'y? 4 - 2/ 13 2/ 15 z/c 2 
























-lis 


-y.u 


y.13 


— (xk 2 k 3 )' 










— (^^2^3)' 




y.i6 




111 








^16 




V ~^14 











\ 



At {x,y ,y ,y ,y ?j = (0,0,0,0,0), it is obvious that its rank is 4. For the case that 
(x, y , 2/ 14 , 2/ 15 , y l6 ) 7^ (0, 0, 0, 0, 0), since the structure is the same as that of U12, its rank 
is also 4. □ 



The scheme related to Spec R12 and Spec R 12 is denoted by X\ 2 . It has a unique 00 
point as 1/x — 0. 

B.2.1. Homogeneous ring o/X 12 . As mentioned in Section 4, we partially follow the argu- 
ments on the space curve by Pinkham [Pi] and describe X 12 more precisely. The coefficient 
ring is given by 

£( 12 > := C[6 1? 6 2 ,S 3 , KkMM 
and its two projections are introduced by 

^(12) . C (12) ^ C = £ (12) /( ^ _ ^ ^ _ K ^ _ ^ ^ _ ^ ^ _ ^ ^ _ 6g) ^ _ 6t)> 

and 

: £ (i2) ^ c = cd2)/(S ls S 2s 63, 64, 6 5 , 6 6 , 67). 

We are now considering 

J2g*> := C (12) [^, 2/i3, yi4, 2/15, yi6,^]/P (M) , 

where for fc< M) := (x - M 6 )(x - 6 2 ^ 6 )(x - 6 3 5 6 ), fc£ M) := (x - M 6 )(x - b 5 z 6 ), k { 2 ' z) := 
(x-6 6 5 6 )(x-6 7 z 6 ), 

<o(M) ._ f f ( fe ) fW f( fc ) f( fe ) f( & ) f( fe ) #\ 

' - — W 12,1 J J 12,2, J 12,3, J 12,4, 712,5, 712,6, 712,7, 712,8, 712,9J, 

/i2,f := 2/i3 - &2 W, fn'j ■= 2/132/14 - k ( 2 ' z) yi 5j := k { 2 ' z) (x)yl 4 - 2/132/15&2 } ( s ) 

A ( 2,4 : =2/l4 - 4 6 ' 2) 2/l6, A?',? : = 2/132/16 - 2/142/15, A^J : = 2/l5 ~ ( a; )^ M ( X ) , 

/Si? : =2/i42/i6 - k ( 2 b ' z) (x)k ( 3 b ' z \x), := y 15 y 1& - k { 3 ' z) (x)y 13 , 

/Sf : =2/l6 - faW 
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Then we have <p ( b '(/uJo^j Vis, Vu, |/ib, Z/ie, 1)) = /i2,a, and essentially (/i 2 ; a (a;, 1/13, 2/w, 
I/15, 2/i6, 1)) = fi2, a for a = 1, 2, • • ■ ,9. 

By letting '■= R12 /(% ~ 1), we have natural homomorphisms, 

Spec B12 > Spec R^j < Spec R\ 2 



Spec C > Spec ^ < Spec C 

This shows that Spec R12 and Spec B12 are fibers over the moduli space corresponding to 
the numerical semigroup Hi 2 . is related to the moduli space Aiu of (6, 13, 14, 15, 16) 
curves. 

We should deal with the projective space by defining R$ := yf 2) R { ?f. Here z 6 has 
the same weight as x. Every homogeneous ideal in due to Gm 2 ' provides Proj R^ , 
which is identified with X 12 . We have 

R^/(z-l)^R 12 , R { S/{z)^B 12 . 

Thus we have the unique 00 as ramified point by letting z — 0, which recovers (14 .11) . 
similarly to (13.11) ; Z 6 , and Z a (a = 13, 14, 15, 16) correspond to z 6 jx and z a /y a whereas 
x, and y (a = 13, 14, 15, 16) correspond to z 6 /x and z 18 ~ a y a /x 3 . 

References 

[ACGH] E. Arbarello, M. Cornalba, P.A. Griffiths and J. Harris, Geometry of Algebraic Curves. Vol. 

I, Springer- Verlag, New York, 1985. 
[A] T. Ayano, Sigma Functions for Telescopic Curves, arXivl201.0644, . 

[Bl] H.F. Baker, Abelian functions. Abel's theorem and the allied theory of theta functions, 

Cambridge University Press, Cambridge, 1995, Reprint of the 1897 original. 

[B2] H.F. Baker, On the hyperelliptic sigma functions, Amer. J. Math., 20 (1898) 301-384. 

[B3] H.F. Baker, On a system of differential equations leading to periodic functions, Acta Math., 

27 (1903) 135-156. 

[BEL1] V.M. Buchstaber, V.Z. Enolskh and D.V. Leikin, Hyperelliptic Kleinian functions and ap- 
plications, in Solitons, geometry, and topology: on the crossroad, 1-33, Amer. Math. Soc. 
Transl. Ser. 2, 179, Amer. Math. Soc, Providence, RI, 1997. 

[BEL2] V.M. Bukhshtabcr, V.Z. EnoPskh and D.V. Leikin, Rational analogues of Abelian functions, 
Funct. Anal. Appl., 33 (1999) 83-94. 

[BG1] Buchweitz, Ragnar-Olaf; Greuel, Gert-Martin Le nombre de Milnor equisingularite et defor- 

mations de singularites des courbes reduites. (French. English summary) C. R. Acad. Sci. 
Paris Seri. A et B 288 (1979), no. 1, A35-A38. 

[BG2] Buchweitz, Ragnar-Olaf; Greuel, Gert-Martin The Milnor number and deformations of com- 

plex curve singularities. Invent. Math. 58 (1980), no. 3, 241-281. 

[BLE1] V.M. Bukhshtaber, D.V. Leikin, and V.Z. Enol'skii, a -functions of (n,s)-curves, Russian 
Math. Surveys, 54 (1999) 628-629. 

[BLE2] V.M. Bukhstaber, D.V. Leikin, and V.Z. Enol'skii, Uniformization of Jacobi manifolds of 
trigonal curves and nonlinear differential equations, Funct. Anal. Appl., 34 (2000) 159-171. 

46 



[CK] R. Carroll and Y. Kodama, Solutions of the dispersionless Hirota equation, J. Phys. A: 

Math. & Gen., 28 (1995) 6373-6387. 

[C] A. B. Coble, Algebraic geometry and theta functions, Amer. Math. Soc, New York, 1961, . 
[CN] J. H. Conway and S. P. Norton, Monstrous Moonshine, Bull. London. Math. Soc, 11 

(1979) 308-339. 

[Cu] C. J. Cummins, Some comments on replicable functions, Modern trends in Lie algebra 

representation theory, (Queen's Univ., Kingston, ON, 1994) 48-55, Queen's paper in Pure 
and Appl. Math 94 (1994) . 

[EEC] J.C. Eilbcck, V.Z. Enolskii and J. Gibbons, Sigma, tau and Abelian functions of algebraic 
curves, J. Phys. A: Math. Theor., 43 (2010) 455216 (20pp). 

[EEL] J.C. Eilbeck, V.Z. Enolskii and D.V. Leykin, On the Kleinian construction of abelian func- 

tions of canonical algebraic curves, SIDE III — symmetries and integrability of difference 
equations (Sabaudia, 1998), 121-138, CRM Proc. Lecture Notes, 25, Amer. Math. Soc, 
Providence, RI, 2000. 

[EEMOP1] J.C. Eilbeck, V.Z. Enolskii, S. Matsutani, Y. Onishi, E. Previato, Addition formulae over the 
Jacobian preimage of hyperelliptic Wirtinger varieties, J. reine angew. Math., 619 (2008) 
37-48. 

[EEMOP2] J.C. Eilbeck, V.Z. Enolskii, S. Matsutani, Y. Onishi, E. Previato, Ableian Functions for 
Trigonal Curves of Genus Three, Int. Math. Res. Not., 2007 (2007) 140,38. 

[DPT] M. Demazure, H. Pinkham, and B. Teissier, Seminaire sur les singularit'es des surfaces, 
Lectre Notes in Math. 777, Springer- Verlag, Berlin-New York, 1980. 

[D] A. Durfee, Fifteen characterizations of rational double points and simple critical points, 
L'Enseignement, XXV 1-2 (1979) 131-163. 

[Fab] G. Faber, Uber polynomische Entwicklungen, Math. Ann., 57 (1903) 389-408. 

[FK] H. M. Farkas and I. Kra, Riemann Surfaces, second edition, Graduate Texts in Mathematics, 

Vol. 71. Springer- Verlag, Berlin-New York, 1991. 
[Fay] J.D. Fay, Theta functions on Riemann Surfaces, Lecture Notes in Mathematics, Vol. 352. 

Springer- Verlag, Berlin-New York, 1973. 
[FMN] D. J. Ford, J. McKay and S. P. Norton, More on replicable functions, Comm. in Alg., 22 

(1994) 5175-5193. 

[Her] J. Herzog, Generators and relations of Abelian semigroup and semigroup ring, Manu. Math., 

3 (1970) 175-193. 

[HBJ] F. Hirzebruch, T. Berger and R. Jung, Manifolds and Modular Forms, Vieweg, Bonn, 1992. 

[Hi] N. Hitchin, Harmonic spinors, Advances in Math. 14 (1974), 1-55. 

[G] D.Grand, A generalization of a formula of Eisenstein, Proc. Lond. Math. Soc, 62 (1991) 

121-132. 

[Gr] H.Grunsky, Koeffizientenbedingungen fiir schlicht abbildende meromorphe Funktionen, 

Math. Zeit., 45 (1939) 29-61. 
[Gri] P. A. Griffiths, Introduction to Algebraic Curves, AMS Translations of Math. Monographs 

76 1989. 

[K] F. Klein, Uber hyper elliptis die Sigmafunctionen, Math. Ann., 32 (1888) 351-380. 

[K83] J. Komeda, On Weierstrass points whose first non-gaps are four, J. Reine. Angew. Math., 

341 (1983), 68-86. 

[K92] J. Komeda, On Weierstrass points whose semigroups are generated by two elements, Research 

Reports of Kanagawa Institute of Technology, B-17 (1993), 211-217. 

[K99] J. Komeda, Existence of the primitive Weierstrass gap sequences on curves of genus 9, Bol. 

Soc. Bras. Mat., 30 (1999), 125-137. 



47 



[K04] J. Komeda, On 6-semigroups generated by ^-elements from which affine toric varieties can 

be constructed, Research Reports of Kanagawa Institute of Technology B-28 (2004), 79-85. 
[KO04] J. Komeda and A. Ohbuchi Weierstrass points with first non-gap four on a double covering of 

a hyperelliptic curve, Scrdica Math J., 30 (2004), 43-54; Corrigendum 32 (2006), 375-378. 
[KO08] J. Komeda and A. Ohbuchi Weierstrass points with first non-gap four on a double covering 

of a hyperelliptic curve II, Serdica Math J., 34 (2008), 771-782. 
[KO08a] J. Komeda and A. Ohbuchi Existence of the non-primitive Weierstrass gap sequences on 

curves of genus 8, Bull Braz Math. Soc. News Series, 39 (2008), 109-121. 
[KS] D. Korotkin and V. Shramchenko, On higher genus Weierstrass sigma-function, Physica 

D, 241 (2012), 2086-2094. 
[L] S. Lang, Introduction to algebraic and abelian functions, Second edition, Graduate Texts 

in Mathematics, 89. Springer- Verlag, New York-Berlin, 1982. 
[Man] L. Manivel, Configurations of lines and models of Lie algebras, J. Alg., 304 (2006) 457-486. 

[Mah] K. Mahler, On a class of non-linear functional equations connected with modular functions, 

J. Austral. Math. Soc, 22 (Ser. A) (1976) 65-120. 
[Mat] H. Matsumura, Commutative ring theory, CSAM 8, , translated by M. Reid, Cambridge, 

Cambridge, 1986. 

[Ma] S. Matsutani, Hyperelliptic solutions of KdV and KP equations: re-evaluation of Baker's 

study on hyperelliptic sigma functions, J. Phys. A, 34 (2001) 4721-4732. 
[MK] S. Matsutani, Sigma functions for a space curve (3, 4, 5) type with an appendix by J. 

Komeda, arXiv:1112.4137 v2, (2012). 
[MP08] S. Matsutani and E. Previato, Jacobi inversion on strata of the Jacobian of the C rs curve 

y r = f{x), J. Math. Soc. Japan 60 (2008) 1009-1044. 
[MP09] S. Matsutani and E. Previato, A class of solutions of the dispersionless KP equation, Phys. 

Lett., (2009) . 

[MP12] S. Matsutani and E. Previato, Jacobi inversion on strata of the Jacobian of the C rs curve 

y r = f(x)II, to appear in J. Math. Soc. Japan. 
[McK] J. McKay, Essentials of Monstrous Moonshine, Adv. Std. Pure Math., 32 (2001) 347-353. 
[MS] J. McKay, and A. Sebbar, Fuchsian groups, automorphic forms and Schwarzians, Math. Ann. 

318 (2000), no. 2, 255-275. 
[Mul] M. Mulase, Cohomological structure in soliton equations and Jacobian varieties, J. Differential 

Geom. 19 (1984), no. 2, 403-430. 
[Mum] D. Mumford, Tata Lectures on Theta II Jacobian theta functions and differential equations, 

Progress in Mathematics, 43. Birkhauser Boston, Inc., Boston, MA, 1984. 
[Nal] A. Nakayashiki, On algebraic expansions of sigma functions for (n, s) curves, Asian J. Math. 

14 (2010), 175-212. 

[Na2] A. Nakayashiki, Sigma function as a tau function, Int. Math. Res. Not. 2010 (2010) 373-94. 

[No] S. P. Norton More on Moonshine, in Computational Group Theory eded M D. Atkinson, 

1984 Academic Press, p.185-194. 
[O] Y. Onishi, Determinant expressions for hyperelliptic functions, Proc. Edinb. Math. Soc, 

48 (2005) 1-38. 

[Pi] H. C. Pinkham, Deformation of algebraic varieties with G m action, Astcrisque, 20 (1974) 

1-131. 

[Po] A. Polishchuk, Abelian Varieties, Theta Functions and the Fourier Transform, Cambridge, 

Cambridge, 2003. 

[RG] J. C. Rosales and P. A. Garcia-Sanchcz, Numerical Semigroups, Springer- Verlag, New 

York-Berlin, 2008. 



48 



[R] G.F.B. Ricmann, Ueber das Verschwinden der d-Functionen, J. Reine Angew. Math., 65 

(1866) 161-172. 

[RV] Rim, Dock Sang; Vitulli, Marie A. Weierstrass points and monomial curves. J. Algebra 48 

(1977), no. 2, 454-476. 
[S] I. Schur, On Faber polynomials, Amer. J. Math., 67 (1945), 33-122. 

[Sh] T. Shioda, Construction of elliptic curves with high rank via the invariants of the Weyl 

groups, J. Math. Soc. Japan, 43 (1991) 673-718. 
[St] R. Stckolshchik, Notes on Coxeter Transfomrations and the McKay Correspondence, 

Springer- Verlag, New York-Berlin, 2008. 
[V] R. Vakil, Twelve points on the projective line, branched covers, and rational elliptic fibration, 

Math. Ann., 320 (2001) 33-54. 
[W] K. Weierstrass, Zur Theorie der Abelschen Functionen, J. Reine Angew. Math., 47 (1854) 

289-306. 

[Z] Y. G. Zarhin, Del Pezzo surfaces of degree 1 and Jacobians, Math. Ann., 340 (2008) 

407-435. 

Jiryo Komeda: 
Department of Mathematics 

Center for Basic Education and Integrated Learning, 
Konagawa Institute of Technology, 
Atsugi, 243-0292, 
JAPAN. 

e-mail: komeda@gen.kanagawa-it.ac.jp 

Shigeki Matsutani: 

8-21-1 Higashi-Linkan Minami-ku, 

Sagamihara 252-0311, 

JAPAN. 

e-mail: rxb01142@nifty.com 
Emma Previato: 

Department of Mathematics and Statistics, 
Boston University, 
Boston, MA 02215-2411, 
U.S.A. 

e-mail: ep@bu.edu 



49 



